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This book details advanced signal, image and surface processing methods. The focus in on the
use of sparsity and variational methods to solve difficult problems such as denoising, compression,
super-resolution and compressive sensing. The theoritical exposition is kept as simple as possible
and the emphasis is put on numerical schemes and practical experimentation using Matlab.

The main reference to get a more detailed exposition of signal and image processing methods is
the book of Mallat [20]. It covers all the theoritical details not covered in this book, and should be
used as a reference textbook. Another reference for wavelet analysis is the book of Daubechies [10].
Other references for signal and image processing include [33, 30].

The homepage page for the course is
http://www.ceremade.dauphine.fr/“peyre/numerical-tour/

You can retrieve from this page additional information such as slides. A set of Matlab numerical
tours allows one to experiment and reproduce the results of these notes.
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Chapter 1

Signal and Image Decomposition
in Orthogonal Bases

This chapter introduces the concept of orthogonal decomposition. This is the most important
tool used in this book to perform signal and image processing. These decompositions can be defined
for both continuous or discrete signals.

1.1 Analog Signals

To develop numerical tools and analyze their performances, the mathematical modeling is
usually done over a continuous setting. An analog signal is a 1D function fy € L*([0,1]) where
[0,1] denotes the domain of acquisition, which might for instance be time. An analog image is a
2D function fy € L2([0,1]?) where the unit square [0, 1]? is the image domain.

Although these notes are focussed on the processing of sounds and natural images, most of the
methods extend to multi-dimensional datasets, which are higher dimensional mappings

fo:10,1)% —[0,1]°

where d is the dimensionality of the input space (d = 1 for sound and d = 2 for images) whereas
s is the dimensionality of the feature space. For instance, gray scale images corresponds to (d =
2,5 = 1), videos to (d = 3,s = 1), color images to (d = 2,s = 3) where one has three channels
(R,G, B). One can even consider multi-spectral images where (d = 2,s > 3) that is made of a
large number of channels for different light wavelengths. Figures 1.1 and 1.2 show examples of such
data.

5000 @ 10000 15000

Figure 1.1: Ezxamples of sounds (d =1), image (d =2) and videos (d =3).
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Figure 1.2: Example of color image s = 3 and multispectral image (s = 32).

1.2 Discrete Signals

1.2.1 Acquisition and Sampling

Signal acquisition is a low dimensional projection of the continuous signal performed by some
hardward device. This is for instance the case for a microphone that acquires 1D samples or a digital
camera that acquires 2D pixel samples. The sampling operation thus corresponds to mapping from
the set of continuous functions to a discrete finite dimensional vector with N entries.

fo e L2([0,1]Y) — feCV

0.5

-0.5

5000 10000 15000

04F
0.2h
|
0
s I

04 . 1 | ) h
4100 4200 4300 4400 4500 4600

Figure 1.3: Image and sound discretization.

Figure 1.3 shows examples of discretized signals.

1.2.2 Linear Translation Invariant Sampler

A translation invariant sampler performs the acquisition as an inner product between the con-
tinuous signal and a constant impulse response h translated at the sample location

S/2
fIn] :/ Fol@)h(n/N — z)dz = fo+ h(n/N). (1.1)

—5/2

The precise shape of h(z) depends on the sampling device, and is usually a smooth low pass
function that is maximal around z = 0. The size S of the sampler determines the precision of the
sampling device, and is usually of the order of 1/N to avoid blurring (if S is too large) or aliasing
(if S is too small).

Section 2.6 details how to reverse the sampling operation in the case where the function is
smooth.
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1.3 Orthogonal Decompositions

The main ingredient for the processing detailed in this book is the decomposition in a well
chosen orthogonal basis. If this decomposition is sparse, meaning that only few coeflicients capture
most of the signal energy, then many processing problems such as compression, denoising or super-
resolution, are efficiently solved.

1.3.1 Continuous Ortho-bases

L? measure of similarity. For analog signals f, € L2([0, 1]4), we consider the L? inner product
that defines an Hilbert space structure

o ao) = [ @)oo,
[0,1]¢
This inner product defines a distance between signal

| fo—g0* = /[ " | fo — gol*dz = (fo — g0, fo — go)- (1.2)

s

This L? norm is used to assess theoretically and numerically the performance of all processing
methods presented in this book. The relevance of this L? measure of similarity is questionable,
since it does not take into account the visual quality that should be considered as the ultimate
judge of performance. Nevertheless, there is currently no better way to access automatically the
results of signal and image processing algorithms.

Ortho-bases. An orthonormal basis of L2([0,1]%) is a collection of atoms {t,, }mez that spans
L2(]0,1]%) and satisfies

(s ) = 6[m —m']. (1.3)
where ¢ is the discrete Dirac, that is defined as d[i] = 0 if ¢ # 0 and 6[0] = 1.

One should be careful that L([0, 1]¢) is an infinite dimensional Hilbert space, so that {t,, } ez
is a basis if and only if its linear span is dense in L?([0,1]%). It means that any analog signal
fo € L?([0,1]%) can be approximated using the L? norm (1.2) with a sequence of approximation
signals that are spanned by a finite number of vector from {¢, }mez.

One can thus formally write the decomposition of a continuous signal in such an ortho-basis as

fo="Y_(fo, bm)tm. (14)

meZ

This decomposition satisfies an energy conservation

1l = [ 1= 31 vl (15)

meZ

Relevance of ortho-bases. The computation of the set of inner products {{fo, ¥, )}m offers
an alternate representation that might be simpler than the spacial representation fy(t) is the basis
is well chosen to match the structure of the signal.
Processing is then usually performed in three stage

— Computation of the inner products a[m| = (fo, ¥m,) for all m.
— Modification of these inner product to obtain new coefficients a[m| (for instance setting to zero

small coefficients, quantizing coefficients, ... ).
— Reconstruction of a signal from these modified coefficients, that is the output of the algorithm

fO = Z d[m]wm-

mEZ
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The orthogonality property of the basis is crucial since it allows a simple reconstruction formula
(1.4) from a given set of coefficients. It is also important because the energy conservation (1.5)
allows to compute the modification error directly over the coefficients

Ifo = fol* = la[m] — a

Fourier ortho-basis. The simplest, and probably most important, example of ortho-basis is the
Fourier basis. For 1D signals (d = 1), it is defined as

Y (t) = e (t) = e*™™ = cos(2mmt) + i sin(2mmt). (1.6)

The parameter m that indexes the atom is the frequency of its oscillations. One easily checks
orthogonality (1.3), and one can prove that any signal in L?([0,1]) can be written in this basis as
(1.4).

Figure 1.4, left, shows examples of the real part of Fourier atoms.

.1 \/\/\/\/\/\/\/\/ :\l[\\/ .\!A\/. \}/\ \@/%T(x]
L [ere———

e H“u H"H”“ " I™r 'u"w [ ] 'u”n i || r [ n

o

IUHHMHJMHIHH!hl”mHmmHnl\thM

Figure 1.4: Left: 1D Fourier (real part), right: wavelet bases.

200 400 600 800 1000

One should be careful about the fact that Fourier atoms are 1-periodic, so that e, (t4+1) = e, (t).
This implies that processing signal f(t) for ¢ € [0,1] implicitly corresponds to performing a 1-
periodic extension of f(t) for all t € R. For instance, even if f is continuous on [0, 1], it should be
treated as discontinuous if f(0) # f(1).

Chapter (2) details the use of this Fourier basis to perform linear signal and image processing.

Wavelet ortho-bases. Fourier atoms are global since they are supported on [0,1]. This might
be an issue to process a signal that contains sharp localized features such as sound transition or
edges in images, see

Wavelet bases are composed of atoms that have a wide range of support size and location.
They are efficient to process pointwise singularities since they allow to zoom on the singularity and
reconstruct it with only a few atoms. More precisely, a 1D wavelet basis is obtained by dyadic
translation and dilation of a mother wavelet function v

Ui (t) = 2729277t —n)

where m = (j,n), 27 being the scale and n indexing the position of the atom.
Chapter 3 details how to actually compute a proper wavelet function ¥ so that the resulting
set of atoms {1, ,};.» is an orthogonal basis of LZ([0, 1]).

1.3.2 Discrete Ortho-bases

Discrete signals are finite dimensional vector f € CV where N is the number of samples and
where each f[n] is the value of the signal at a 1D or 2D location. For a 2D images f € CVN ~ CNoxNo,
N = Ny x Ny, where Ny is the number of pixels along each direction.
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Discrete signals and images are processed using a discrete inner product that mimics the con-
tinuous L? inner product

N-1
(f,9) =" flnlgln).
n=0
One thus defines a distance between discretized vectors as
N—1
If=glI* =" 1f[n] - gln].
n=0
Exactly as in the continuous case, a discrete orthogonal basis {1, }Jo<m<n of C¥, satisfies
(Y Ymr) = 6[m —m']. (L.7)

The decomposition of a signal in such an ortho-basis is written

N-1
[= <fa 'll)m>w .
m=0
It satisfies a conservation of energy
N—-1 N—-1
AP =D )P = D s )P
n=0 m=0

Computing the set of all inner product {(f, ¥.m)}o<m<n is done in a brute force way in O(N?)
operations. This is not feasible for large datasets where N is of the order of millions. When
designing an ortho-basis, one should keep this limitation in mind and enforce some structure in the
basis elements so that the decomposition can be computed with fast algorithm. This is the case
for the Fourier and wavelet bases, that enjoy respectively O(N log(N)) and O(N) algorithms.

Discrete Fourier basis A discrete orthogonal Fourier basis is obtained by sampling the contin-
uous Fourier atoms defined in (1.6)

: 1
emn| = —=e N "™ = ——e,,(n/N).
= = —en(n/)
One verifies that this formula defines an ortho-basis that satisfies (1.7).
The computation of the Fourier coefficients {(f, e,) },, is performed in O(N log(N)) operations
with the Fast Fourier Transform (FFT) algorithm, that exploits recursion formula on the coefficients
in a divide-and-conqueer manner.

Discrete wavelet basis. Discrete wavelets do not have in general an explicit formula, and the
discrete atoms 1), ,, are defined implicitely through a filtering cascade. The important point is that
the projection of a signal onto these atoms is computed in O(N) operations with the Fast Wavelet
Transform (FWT) algorithm.

1.3.3 2D Extensions of 1D Bases

An image f € CN of N = Ny x Ny pixels is sampled on a regular grid. Given a discrete 1D
ortho-basis {wm}ﬁ(’:_ol of CNo_ one can build a 2D ortho-basis of CV using tensor products of 1D
function,

wml,mg [nh n2] = 1/)m1 [nl]wmg [n2]

which defines a separable basis {wmhmz}m;}w:o.

The 2D discrete Fourier basis is written

2im
e No (mini+mansg) )

1
€my ms M1, N2] = Wi
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ma
o S
© m N
> >
—Ny/2 Noy/2

Figure 1.5: 2D Fourier orthogonal bases.

It corresponds to a discretized wave oscillating in the direction orthogonal to m = (mq,ms).
Figure 1.5 shows examples of the real part of 2D Fourier atoms.
Anisotropic wavelets are obtained by tensor products of 1D wavelets

wjhjzﬁu"z [.171, xQ] = wjl,nl [$1]¢j2,n2 [:172]

They correspond to atoms stretched along the horizontal and vertical directions.
Isotropic wavelets, are defined in the continuous case as
(1) =2779% (2772 —n)
where w € {H,V, D} indicates the horizontal/vertical/diagonal direction of the wavelets. They are
often used in image processing, since they have a square support not stretched along the axes. They
correspond to a non-separable basis, and require three mother wavelets {1 ¢V ¢P}. Figure 1.6
shows examples of such atoms.

J

Hor. Vert. Diag.

A

Figure 1.6: 2D isotropic wavelet orthogonal bases.



Chapter 2

Fourier Processing

Fourier transforms of various kinds are basic tools in almost every signal or image processing
method on translation invariant domains. Depending wether the domain is finite or infinite, or
wether the signal is continuous or discrete, one obtain four different notions of Fourier transforms
— Infinite continuous domains: typically R.

— Periodic continuous domains: typically [0, 1].

— Infinite discrete domains: typically Z.

— Periodic discrete domains: typically {0,..., N — 1}.

Bounded domains should be understood as periodic domain, for instance [0, 1] is treated as the torus
R/Z and {0,...,N — 1} is treated as the set Z/NZ of integer modulo N. Figure 2.1 shows these
four different kinds of domains, and the Fourier transform that inverts the roles of infinite/periodic
and continuous/discrete.

Periodization fo(t) — >, fo(t +n)

= - ¥
g 1
22 folt)teR | folt),t €[0,1] [ Continuous
B2 —_
g flnl,n€Z |f[n],0<n < N| Discrete
[9p] 'E' g S~
= Infinite Periodic “‘% I
=N
= g £
< Sampling fo(w) — {fo(k)}x 5z
=5 [ Y = S
2= 0T folw),w eR folkl, k € Z Infinite A
e o - -«
E ;J& f(w),w € [0,27]| f[k],0 < k < N | Periodic
o ,|3L Continuous Discrete
g

Figure 2.1: The four different settings for Fourier analysis, and the sampling-periodization rela-
tionship.

Each Fourier transform gives a frequency view point on the signal, that is for instance adapted
to compute filtering with respect to translation over the domain. We detail in the following sections
these four settings.

These domains are extended to higher dimensions by considering tensor products of 1D domains.
For instance, for images, [0,1]? should be understood as the tensor product of [0, 1] with itself, so

13
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that Fourier transforms as easily computed for higher dimensional signals.

2.1 Fourier Transform on the Real Line

An analog signal f € L*(R) is defined on the whole real line R.

2.1.1 Fourier Transform

The Fourier transform of an integrable function f € L'(R) is defined as
flw) = / f(t)e~™“tdt. (2.1)

This definition extends to finite energy functions f € L*(R) by density.

In some sense, f(w) is the inner product between f and the Fourier atom e, (t) = e™ ™
although one should be careful that e,, is neither in L*(R) not in L*(R), and that one considers a
non-denombrable family of atoms indexed by w € R.

The Fourier mapping f +— f is unitary, since one has the Plancherel formula

(9= gtfi ) and [ IR = 5o [ 1),

where the inner products are computed on R.
Furthermore, it is easily inverted, if f € L*(R), using the Fourier inversion formula

10 = 5 [ Fw)etde.

This formula shares some analogy with the reconstruction from an orthogonal basis (1.4), with the
replacement of >~ by [ and considering a non-denombrable family of atoms.

2.1.2 Fourier Transform and Continuous Filtering
The convolution of two functions f,g € L*(R) is defined as
+oo
Foh(t) :/ h(u) £ (t — w)du, (2.2)

The Fourier convolution theorem shows that this convolution is simple to compute over the Fourier
domain

g=fxg = §w)=flwhw)

2.2 Fourier Coeflicients on the Interval

We now consider analog signals defined on a bounded domain f € LQ([O, 1]), which are equiva-
lently treated as 1-periodic signals such that f(t+ 1) = f(¢).

2.2.1 Fourier Coefficients

A 1D Fourier atom of frequency m is defined as
Ym(t) = en(t) = et (2.3)

where ¢ € [0,1] with periodic boundary conditions, as already explained in (1.6). These atoms
form an orthogonal basis {e,, }mez of L%([0,1]).

The Fourier coefficients of a function f € L?([0,1]) are the inner products with the Fourier
atoms

fim) = (f, em) = / f(ye2mmiay, (2.4)
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We note that f [m] is a complex number, and that if f is real valued, then one has the following
hermitian symmetry

flem) = fm)

2.2.2 Fourier Coefficients and Continuous Filtering

Filtering. The convolution of two functions f,g € L*([0,1]) with periodic boundary conditions
is defined as

1
f*h(t) = /0 h(u)f(t —u)du

where t — u is computed modulo 1.
Smoothing is achieved by using a low pass filter h. A simple example is a convolution with a

box function .

1 1
1 I
fxgglinn ) =5 | S+ uan

which computes a local averaging over an interval of size 27. Figure 2.2 shows this filtering process.

Figure 2.2: Signal filtering with a bozx filter (running average).

Filtering over Fourier domain. The Fourier basis diagonalizes convolution operators f +— fxh,
which is equivalent to the Fourier convolution theorem

g=1rfxg = §lm]= fimlh[m] (2.5)
The low pass box filtering, makes use of the following filter,
1
h(t) = —1;_ t).
( ) 2 [ T,T]( )
Its Fourier coefficients are . )
hfm] = / o—2immt gy _ sm(27rmT).
_ 2mmT
A smoother filtering function is the Gaussian kernel
1 t2
he(t) = e 257,
oV 2

Its Fourier coefficients are approximately
holm] = hiq(m)

so that increasing the filter width o corresponds to setting close to zero more frequencies during
the filtering. Figure 2.3 shows the effect of increasing the width ¢ to smooth a noisy signal.
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Figure 2.3: Filtering an irregular signal with a Gaussian filter of increasing filter size o.

2.3 Discrete Infinite Fourier Analysis

An infinite discrete signal is defined on an infinite discrete grid as {h[n]}nez.

2.3.1 Infinite Discrete Fourier Transform

The Fourier transform a summable h € ¢1(Z) is

Vwe[0,2n], h(w)= Z h[n]e= ", (2.6)
neZ

It can be extended to finite energy signals in ¢?(Z) by density. This defines a 27 periodic function.
This transform is in some sense dual to the Fourier coefficients (2.4) of a periodic function. Indeed,

hm)] are coefficients of the function h at frequency m since

. 1
hlm] = (h, e,,) where e, (t) = ?ezmt
™

where one should be careful about the fact that we use here non-normalized Fourier atoms on
[0, 27], which is deferent from the setting defined in (2.3).

2.3.2 Convolution of Infinite Filters

The convolution of two summable signals f,g € £1(Z) is defined as

fxh[n] = Zf[n]h[m —n).

m

One thus has the following Fourier convolution theorem, that is equivalent to (2.5)

g=fxh = §w)=fw)hw).

2.4 Discrete Finite Fourier Analysis

A sampled discrete signal is a finite dimensional vector f € CV.
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2.4.1 Discrete Fourier Transform

The discrete orthonormal Fourier basis is obtained by sampling the continuous Fourier basis

ot = g oe (F )

The discrete Fourier Transform (DFT) computes the N inner products with the discrete Fourier

atoms
N-1

flm] = VN(f, em) = > flnle” ¥, 2.7)

n=0

where e,, is traditionaly rescaled by VN, and thus f — f is not unitary.
The orthogonality of the atoms implies the following reconstruction formula

p 1 .
fln] = z<f, em)em = ¥ Z Flm]eEmn

=0 m=0

2
L

which corresponds to the inverse discrete Fourier transform.

2.4.2 Fourier and Discrete Filtering

The discrete periodic convolution of two signals f and h is defined as

gln] = fxhfn] = 3" Flplhln - p mod N, (28)

p=0

Similarely to the continuous Fourier transform, the discrete transform diagonalizes translation in-
variant operators which are filtering f +— fxh. This corresponds to the discrete Fourier convolution
theorem ) )

g=frh = glm]= flm]-h[m]. (2.9)

2.4.3 Fast Fourier Transform

The brute force implementation of formula (2.7) requires O(IN?) operations. The Fourier atoms
exhibit symmetries which allows one to speed up the computations using the Fast Fourier Transform
algorithm (FFT) which only requires O(N log(N)).

Using the convolution formula (2.9), one can compute the convolution over the Fourier domain
as follow .

f*g:j:_l(f'g)v
where F~! is the inverse Fourier transform and - is the component wise multiplication of vectors.
Since F and F~! are computed in O(N log(N)) operations, to does f x g. This is an important
saving if both f and h are supported over the whole domain {0,..., N — 1}, since implementing
(2.8) directly over the spacial domain would require O(N?) operations.

This complexity reduction had a huge impact in signal processing and numerical analysis, since
computing convolutions with long filter is a major bottleneck in intensive computing applications.

2.5 2D Fourier Analysis

The 2D discrete Fourier basis for an image of N = Ny x Ny pixels is obtained by tensor product
of the 1D basis

1 2in m1n1+%\}g mans

em[n] = ﬁe o = €y [N1]€m, [12]

The frequency is m = (mq,mz2) € {0,...,Ng — 1} x {0,..., Ny — 1}
The 2D Fourier atoms assume periodic boundary conditions, which corresponds to handling the
square [0, 1]? as a torus, identifying left /right and top/bottom boundaries of the image. For images
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which do not wrap properly, 2D Fourier analysis creates large vertical and horizontal frequencies
and Fourier processing creates artifacts near the image boundaries.
The 2D Fast Fourier Transform computes

f[mlme] = \/N<fa em1,m2>

by applying the 1D FFT to each row and then each column of the image, thus requiring O(N log(N))
operations.

Figure 2.4, left, shows an example of such artificial artifacts, and how they are reduced by a
proper masking of the image so that it becomes continuous after periodization.

Figure 2.4: 2D Fourier analysis of a image (left), and attenuation of the periodicity artifact using
masking (right).

£ft2(£f); n

size(f,1);
% Compute marsked Fourier transfor
t = linspace(—pi(),pi(),n);
h = (cos(t)+1)/2; h = h'xh;

Fl = fft2(f.+h);

L = fftshiftr(log( abs (F)+le—1 ));
L1l = fftshift (log( abs(Fl)+le—1 ));

clf; imageplot( {L L1}, {'FET' 'Masked FET'} );

Matlab code 1: 2D Fourier transform and masked Fourier transforms. Input: image £, output:
Fourier coefficients F, F1.

2.6 Sampling

2.6.1 Pointwise Sampling
If the signal fj is smooth and the sampler impulse response & in (1.1) is localized around 0,
fIn] = foxh(n/N) = fo(n/N).

An idealized sampling is a pointwise evaluation, which can be formally written using a Dirac
distribution

fln] = fo(n/N) = (fo, ¢n) where ¢, =d,/n
where fy is a assumed to be smooth. In this section, we consider an infinite sampling, so that
{f[n]}nez is an infinite sequence.

2.6.2 Continuous/Discrete Fourier Connexion
The idealized sampling operator realize a mapping from functions to infinite sequence

fo € L*(R) — f € CZ.
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This mapping is equivalently expressed over the Fourier domain as a periodization using the Poisson
summation formula

+00
@) =N 3 (N~ 2kn), (210)

k=—o00

where f(w) is the 2m-periodic discrete Fourier transform (2.6) and fo(w) is the continuous Fourier
transform (2.1).
Figure 2.1 shows within a diagram this duality relationship between sampling and periodization.

2.6.3 Shannon Reconstruction

Shannon Theorem, applied in 1D to function in L(R), states that if Supp(f) c [-Nw, N7,
where f is the continuous Fourier transform of f, then f is recovered from the sample f[¢]. This
comes from the fact that under this conditions, the contribution fo(N (w—2k)) in the periodization
(2.10) does not overlap.

Furthermore, the recovery from the sample is performed with a simple linear interpolation

formula )
f(t):Z FliJh(t —i/N) where h(t):w.

This formula extends to any dimension by tensor product.

The constraint Supp( f) C [-Nm, Nx| implies that f should be smooth unless N is very large,
see 2.5, left, for an image with a small Fourier support. Unfortunately, sounds and natural images
are not smooth since they contains sharp transition and edges, see Figure 2.5, right. A precise

sampling for such features requires a high number N of samples to avoid aliasing.

Figure 2.5: A smooth image (left) and a natural image (right).

Chapter 7?7 presents the compressive sensing, which is a promising avenue to perform sampling
below the Shannon limit for compressible signals.
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Chapter 3

Wavelet Processing

Wavelet bases in 1D are obtained by dyadic translations and scalings of a single mother

wavelet 1) X o

A wavelet atom v, () is localized around the point 27n and has a support size proportional to
the scale 27.

Since one usually works with signals sampled on [0, 1], the scale index j is often restricted to
be negative for numerical computations.

3.1 Approximation and Detail Spaces

3.1.1 Approximation Spaces
Constructing a wavelet basis is not as straightforward as defining the Fourier basis. The usual

construction first defines approximation spaces, from which the wavelet basis is derived.

Multiresolution analysis. A multiresolution analysis is a set of nested spaces {V;};cz of L*(R)
L*R)C...CV; 1 CV;C Vi C...C {0} (3.2)

The left and right inclusions should be understood as

Closure UV] =L*R) and ﬂV] = {0}.
J J

These spaces are supposed to be obtained by dyadic dilations, and we thus impose that
f(t) €V = [(t/2) € Vjs1. (3:3)

This corresponds to the intuitive notion of mutiresolution since the function f(t/2) is twice coarser
that the function f(¢). These spaces should be invariant under dyadic translations

fO) eV <= VneZ f(t+n2) eV,

The last condition, that is important to derive the construction of a wavelet basis, is that there
exists a scaling function ¢ such that {¢(t — n)}nez is an orthogonal Riesz basis of the space V.

We note that if one has at its disposal a translation invariant Riesz basis (not orthogonal)
{0(t — n)},, of Vy, one can compute a translation invariant orthogonal basis {¢(t — n)}nez by
Fourier orthogonalization

d(w) = : (3.4)

21
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Scaling function orthobasis. The scaling function ¢ defines an orthogonal basis of all the
spaces V; using dyadic dilations and translations

1 t—2in
‘/}' = Span(¢j7n)nez Where ¢j7n(t) = \/?d) <2]13) (35)

®j.0 $jr1,2 Gj-1,

Figure 3.1: Translation and scaling to generate approrimation spaces.

Figure 3.1 illustrates the translation and scaling effect.
The best approximation at scale 2/ (or resolution 277) of a signal f is obtained by linear
projection, that is easily defined using the scaling ortho-basis of V;

Py, (f) =D (f, $jn)in- (3.6)

n

Boundary conditions. For bounded domains f € L?([0,1]), one can use periodic boundary
conditions, [0, 1] ~ R/Z, and use only j < 0. In this case the translation is assumed to be performed
modulo 1, and all the theory carries over without modification. This however introduces periodic
boundary artifacts.

To remove these artifacts, one uses symmetric boundary conditions. This leads to non-translation
invariant bases, and is thus more difficult to implement and boundary wavelets should be modified.

Haar Approximation Spaces The Haar multiresolution is obtained by considering piecewise-
constant approximations

V; ={f\ f constant on [2/n,27(n+ 1))} . (3.7)
The scaling function can be defined as 6 = 1jg 1). Figure 3.2, left, shows this function.

A

2]/2 ......... E_E wj,n

2]/2 ......... ﬁ (p],n

>

i I oip 29 (n+1) .

Figure 3.2: Haar scaling (left) and wavelet (right) functions.

The projection Py, (f) defined in (3.6) is the best piecewise constant approximation

1 (n+1)27
Py (f) = Z 57 Lin2 (n+1)29) /21 f(t)dt.

n

Figure 3.3 shows examples of such projections for a decreasing resolution.

This multiresolution generalizes to higher order spline approximations, although it is more
difficult to compute the scaling function ¢, which requires to apply the orthogonalization (3.4) to
the cardinal spline.
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0.8 -4 0.8fF
06 -4 0.6
0.4 4 04
0.2 4 0.2f

0.8 4 o08f
06 4 o06f
04 4 04f

j=-T j=—6
Figure 3.3: 1D Haar multiresolution projection of a function.

3.1.2 Detail Spaces

To build an orthogonal basis of the whole space L?(R), one needs to consider the detail spaces
W;, that are orthogonal complements of the approximation spaces

Vi1 =V @t W

This leads to the following sequence of embedded spaces

L?(R) — - Y Vi Y Vj Y Vit Y = {0}
Wi W

Wit

The decomposition of the whole space into detail spaces is an orthogonal sum

+oo
L*R) = P W; =V, D Wi

Jj=—o0 J<Jo

Since the space V; are spanned by an orthogonal translation invariant basis (3.5), one could
hope that this is also the case for the detail spaces, that should be spanned by a wavelet function ¢

1 t—2in
Wj = Span(d}j,n)nGZ where 1pj,n(t) = ﬁw (2])

where {1}, }nez is an orthogonal basis of W;. In the following we show that is indeed the case
and how ¢ is defined using filtering.
The projection on details space is

Py, (f) = > _(f, Yim)im = Pv,_ (f) = Py, (f).

n

Full and truncated wavelet bases. A full wavelet basis of L?(R) is defined by considering all
the detail spaces W

{¥jn\ (j,n) € Z°}.
One can also define a truncated basis
{Vjin \J <jo,n€Z}U{pjon \n€EZL}.

When using periodic boundary condition, the truncation at scale jo < 0 defines a wavelet basis of
L*(R/Z)
{wjyn \Jj<Jo,0<n< 27j} U {quO’n \0<n< Q*jo}.
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Haar wavelets. For the Haar multiresolution (3.7), one has

) ) (n+1)27
W; = {f \Vn € Z, f constant on [277!n, 27 (n + 1)) and / f= 0} . (3.8)
n2J
A possible choice for a mother wavelet function is
1 1 for 0<t<1/2,
Pt)=—74¢ -1 for 1/2<t<1,
V2 0 otherwise,

as shown on Figure 3.2, right.
041

PV77f

Py f Py_.f
0.8r | ‘ ‘ ‘ ‘

PV75f PW75f

Figure 3.4: Projection on Haar approzimation spaces (left) and detail spaces (right).

Figure 3.4 shows examples of projections on details spaces, and how they can be derived from
projection on approximation spaces.

3.2 1D Wavelet Processing

3.2.1 Wavelet Coeflicients

Detail and scaling coefficients. As this is the case for the Fourier transform, a wavelet trans-
form of an analog signal fo € L?([0,1]) computes the set of coefficients

Vog<n< 27j, dj[n] = <f07 wj,n>a

using periodic boundary conditions. We note that since there exists a multitude of mother wavelet
functions v, there also exists many different wavelet transforms.
Figure 3.5 shows examples of wavelet coefficients. For each scale 27, there are 277 coefficients.
The scaling coefficients are defined as

V0 <n< 2_j, aj[n} = <f(), (bj,n)'

Sampling consistent with the scaling functions. A discrete signal f € CV corresponds to
the sampling of an analog signal fo € L%([0,1]) on an uniform grid {n2”}o<n<ny where 2=7 = N.
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Figure 3.5: Wavelet coefficients. Top row: all the coefficients. Bottoms rows: zoom on the different
scales

To identify the discrete wavelet transform of f with the continuous transform of fj, we assume
a consistency of the sampling with the scaling function

VO<n<N, fn]=ayn = 2% / Fo()6(t/27 —n)dt = (fo, drn) (3.9)

Under this hypothesis, the detail coeflicients d; of fy are computed from the discrete signal f using
a fast algorithm.

This hypothesis is questionable, since the sensor impulse response h in (1.1) is given by the hard-
ware, and is likely to differs from ¢. It is possible to account for this imperfect match by modifying
the values of f[n] prior to computing the wavelet coefficients, but in practice, the approximation
fIn] = {fo, ¢n) is sufficient.

Discrete signals and discrete wavelets. The wavelet coefficients depend linearly on both the
continuous and the discrete signals, and can thus be written as

VJ<ji<0,V0<n<277, d;in] = (fo, Yjn) = (fs Vjn) (3.10)

where 1), ,, are the continuous wavelet atoms (3.1) and v, € CV are discrete wavelet vectors
defined implicitly using this relation. This defines a discrete wavelet basis of C¥

{thjn}r<i<0, 0<n<a-i U{doo} (3.11)

where by convention q_5070 =1/ V/N is the constant vector.

For large N, these discrete atoms resemble their continuous counterparts, but since they are
defined on a discrete grid, they cannot be generated by dilation of a single mother wavelet. They
however satisfy a translation relationship on the discrete grid

VO< k<N, @j,n[k]:%,o[k—ﬁn].

3.2.2 Forward Wavelet Transform

For now we assume that the wavelet function v and scaling function ¢ are given, and we derive
a fast iterative algorihtm. This section shows how to apply this algorithm without knowing in
closed form these functions.
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Low-pass coefficients. The embedding and refinement relations (3.3) and (3.2) imply that
@(t/2) € Vp. One can thus expand ¢(t/2) into the orthogonal basis of scaling functions to obtain

( ) Z hin)g(t — n)
where the coefficients of the filter h € CZ are defined as

L ot/2). ot - n)).

hin] = 7

High-pass coefficients. One can also decompose ¥(t/2) into the scaling function orthogonal

basis to obtain
750 (2) = Zstobte =

neEZ
where the coefficients of the filter g € CZ are defined as

1
gln] = 5 W (t/2), 4t =n)).

Refinement relationship. Using the change of variable t — ;J—lp, one obtains

7 () -2 (5

Using the second change of variable n — n — 2p, one obtains

Gip =D hln—2pl; 1. (3.12)

ne”Z

—(n+2p)>~

One also has the following refinement relation for the wavelets

75t 2) = oot

n€e”Z
Similar change of variables lead to

Vjp = Z gln — 2pld;—1.n. (3.13)

neEZ

Subsampled filtering step. One step of the wavelet transform algorithm computes (aj,d;)
from a;_;.

Using (3.12) and (3.13), one has the following relationship for the recursive computation of the
coarse scale approximation coefficients

= Z hin — 2pla;_1[n] = a;j_1 * h[2p), (3.14)
nez
= Zg[n—2p]aj_1[n] =a;_1 * §[2p], (3.15)
neZ
where Z[n] = z[—n]. These relations correspond to low and high pass filterings followed by a

sub-sampling

aj+1 = (ajxh) |2,
djs1 = (a;%9) | 2,
where the downsampling operator is defined as

(a | 2)[n] = a[2n].

Figure 3.6 shows two steps of application of these refinement relationships. The code 2 imple-
ments the decomposition steps (3.14) and (3.15)
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a subsampling( cconv(f,h) );

d subsampling( cconv(f,qg) );
f1 = cconv(upsampling(a),reverse(h)) + cconv(upsampling(d),reverse(g));
disp(strcat ((['Error [f—f1[/|f| = ' num2str (norm(f—fl) /norm(£))1)));

Matlab code 2: Filtering followed by sub-sampling: forward and backward. Input: signal £,
outputs coarse and detail coefficients a, d.

aj-1 > *h 12 }—>a > «h 12— aj11 —>

g 12 —> d; > *g 12— djn

\ 4
*
e}

Figure 3.6: Forward filter bank decomposition.

Fast wavelet transform algorithm. The fast wavelet transform (FWT) applies iteratively the
steps (3.14) and (3.15), starting from j = J where a; = f is known. The FWT operates as follow:
— Input: signal f € CV.
— Initialization: a; = f.
—Forj=J...,50—1.

aje1 = (ajxh) | 2

djt1=(a; g
— Output: the coefficients {d;};,<j<s U {aj, }-

Figure 3.7 shows the process of extracting iteratively the wavelet coefficients. Figure 3.8 shows

an example of computation, where at each iteration, the coeflicients of a; and d; are added to the
left of the output vector. The code 3 implements this forward transform.

fo

0000000000000000
f=0 00000000 i
| ' ¥ dJ+1
1 13
@I+1: @ @ @ @ b g
: A
aj+2| @ @ J'u
: 7 dits
aji3, () :'
i :
1 ]
]

discrete

Figure 3.7: Pyramid computation of the coefficients.

The computational complexity of the FWT applied to a vector of N entries is
0
> 2N(Bl+lgl) = O(N x (|h] +g])
j=—logy(N)
operations. It thus has a linear complexity with respect to NN, which is faster than the FFT

algorithm that has O(N log(N)) complexity. Furthermore, its complexity also increases with the
size of the filters.
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Jmax = log2(n)—1; Jmin = 0; fw = £;
for j=Jdmax:—1:Jmin

Coarse = subsampling(cconv (fw(1:2”(j+1)),h));
Detail = subsampling(cconv (fw(1l:2"(j+1)),q9));
fw(l:27(j+1)) = cat(l, Coarse, Detail );

end

Matlab code 3: FWT algorithm, the input is £ and the output is fw that stores all wavelet
coefficients.

1 ! ! !
08l =a—

06

0.4

Figure 3.8: Wavelet decomposition algorithm.

Haar Refinement For the Haar wavelets, one has

1
Pjn = \ﬁ((ﬁj—l,zn + ¢j-12n+1),

1
Yin = E(%q,zn — Gj—1,2n+1)-

This corresponds to the filters

1 1

h=1..,0, hl0] = 5 5 0,...],
S

V2' V2
The Haar wavelet transform algorithm thus processes by iterating averaging and differences:
— Input: signal f € CV.
— Initialization: a; = f.
—Forj=J,...,50—1.

g=1[..,0, 0]

4[] = —=(aj_1[2n] + a5_1[2n + 1)),

-5

djs1[n] = —=(a;-1[2n] — a;1[2n +1]).

V2

— Output: the coefficients {d;};,<j<s U {aj, }-

3.2.3 Inverse Wavelet Transform

A forward elementary step

J

aj—1 € R — (aj,d;) € R2” x R2”

is an orthogonal mapping
laj—1l? = la;|* + Id;[.
The backward elementary step

J

(aj,dj) S RQij X RQij —a;—1 € R217
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aj—1 aj—1
“\ ““““““““\ ><“\ “\ : ““““““““\ | “\

Figure 3.9: Wawvelet inversion in matriz format.

is thus the transposed of the forward mapping. This is shown using matrix notations in Figure 3.9.
The transpose of sub-sampling is the up-sampling operator, defined by

alk] if n=2k,
(“TQ)["]:{ 0 if n=2k+1.

The transpose of filtering by & is filtering by the reverse filter h. One thus has
aj—1=(a; 12)xh+(d; 12)*g.

The inverse Fast wavelet transform iteratively applies this elementary step
— Input: {dj}j0<j<J @] {ajo}.
—For j =j9,...,J + 1.
aj—1 = (a; 12)xh+(d; 12)xg.
— Output: f=ay.
This process is shown using a block diagram in Figure 3.10, which is the inverse of the block
diagram 3.6. The code 4 implements this inverse transform.

aj1 —> T2 *h a; —{ 12 *h Aj—1 =—

djp1—>| 12 *g i d; T2 *9

Figure 3.10: Backward filterbank recomposition algorithm.

f1 = fw;

for j=Jmin:Jmax
Coarse = f1(1:2"3);
Detail = fl(27j+1:2"(3+1));
Coarse = cconv (upsampling(Coarse, 1), reverse(h),1);
Detail = cconv(upsampling(Detail, 1), reverse(g),1l);
f1(1:2"(j+1)) = Coarse + Detail;

end

Matlab code 4: Inverse FWT algorithm, the input is fw that stores all wavelet coefficients and
the output is £1.

3.3 2D Wavelet Processing

There is two ways to extends a 1D wavelet basis into a 2D basis. The simplest way, detailed in
Section 3.3.2, computes tensor products of wavelet functions. A more complicated way, detailed
in Section 3.3.3, makes use of three different 2D mother wavelet functions, which enables wavelet
atoms with a square support.
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3.3.1 2D Multiresolutions

Separable multiresolutions. A 2D separable multiresolution analysis of L?(R?) is obtained
from a 1D muliresolution {V;}; of L*(R) as follow

Vi@V, ={f(z1)g(z2) \ f €V}, g€V}

For each j € Z, this tensor product approximation space is generated by tensor product of scaling
functions
V; ® Vj = Span{6§, }nez2-

where

Y]

This construction extends to multiresolutions of L2([0, 1]?) by restricting the indices to

£ = 30° (T50) and 6(0) = olo)olew)

j<0, and 0< ni,ng <2779,

2D consistent discretization. An analog image fo € L([0,1]?) is sampled on a discrete grid
{(n1,m2)27 N0t of N = Ny x Ny pixels, where Ny =277,

Similarly to the 1D setting (3.9), we assume a consistency between the sampling scheme and
the scaling function, such that for an image f € CV of N pixels

vo<n1;n2 <N07 f[n] :a’J[n]:<f0a ¢§,n> (316)
Wavelet coefficients of fy can then be computed from the discrete signal f € CV.
Haar 2D multiresolution. For the Haar multiresolution, one obtains 2D piecewise-constant

Haar approximation. A function of V; ® V; is constant on squares of size 2/ x 27. Figure 3.11 shows
an example of projection of an image onto these 2D Haar approximation spaces.

Figure 3.11: 2D Haar approximation.

3.3.2 Anisotropic 2D Wavelets

Anisotropic basis. A separable (anisotropic) wavelet basis is obtained from a mother wavelet
function v as follow

¢j1 »J2,m1,m2 (.’13) = wjhnl <x1)¢j2,n2 (‘TQ)
It corresponds to an orthogonal basis of L?(R?) or L?([0, 1]?) with periodic boundary conditions.

Anisotropic wavelet coefficients. Anisotropic wavelet coefficients of f, € L([0,1]?) are com-
puted from f € CV as

vVJ< J2,J2 < 0, Vo<n < 2_j17 VO <ng < 2_j2) <wj1,j27n1)n2) f0> = <1zj1,j2,n1,n27 f> (3'17)

where 1j, j,.n1.n, generates a 2D discrete anisotropic wavelet basis of CV, that is also a tensorial
basis
Vj1 jasnrne [z] = Vi [xl]wj27n2 [22],

where 9}, ,,, is a 1D discrete wavelet vector, defined in (3.10).
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Anisotropic wavelet transform. The anisotropic wavelet transform algorithm computes the
set of coefficients (¢}, j, ny nss fo) defined in (3.17).

One has

<'1Z)j1,j27n1,n2’ f> = <1/_Jj27n2’ fjl,n1> where fj1,n1 [il)g] = <’l/_]j177t1ﬂ f['7x2]>[1D]

where (-, )Pl is a 1D inner product. The value of f;, ,, [x2] for all ji,n; is computed by applying
the fast 1D wavelet transform the column of f indexed by z2. The value of (¥, j, ny n,, f) for all
Jj2,n2 is computed by applying the fast 1D wavelet transform to fj, »,.

The fast anisotropic wavelet transform thus applies the fast 1D wavelet transform to each row
and then each column of the discrete image f (the role of rows and columns is interchangeable).
Its complexity is O(N) operations where N is number of pixels. Figure 3.12 shows this forward
transform. The inverse transform processes similarly by applying the 1D inverse transform to row
and then columns. Figure 3.13, left, shows a set of wavelet coefficients.

<f7 ¢j1 ,J2,m1,Mm2 >

l

St J2
Image f Row transform Column transform.

Figure 3.12: Steps of the anisotropic wavelet transform.

The wavelet function ;, j, n, n, as a support of size proportional to 271 % 272 and can thus be
highly stretched along the horizontal and vertical axes. Approximation using such an anisotropic
wavelet basis leads to axis-aligned artifacts that are visually noticeable. An isotropic wavelet
decomposition, explained in Section 3.3.3, is thus preferred in practice.

Figure 3.13: Anisotropic (left) versus isotropic (right) wavelet coefficients.
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3.3.3 Isotropic 2D Wavelets
2D detail spaces. Introducing the wavelet orthogonal complements W; leads to the following
decomposition
Vi1 ®@Vimr = (V; @ Wy) @ (V; @ W)
=V;eV)e(V;eW;) e (W;eV;) e (W; @ Wj).

In this decomposition, V; ® Vj is the coarse scale approximation, while one has the following
horizontal, vertical, and diagonal detail spaces

WH=ViaW;, WY =Ww;eV, and WP=W;aW,

2)

Introducing the 2D wavelet detail space Wj( , one obtain the following decomposition

Vici@ Vi =(V;eV;) e Wj@) where W(z) wlew) ewp.
This leads to the following diagram of embedded spaces

L*(R?) = - ‘;1®V, 1<®V‘+1®V,+1‘ — {0}
(2)

w®
J+1

Each of the three wavelet spaces is spanned with a wavelet
Vwe{V,H,D}, W =Span{¢§,, ., }nine

where

Jsmi,n2

—9J —9J
Vwe {(V,H D}, %, ,.(z)= w(””l U "2>

27 ’ 27
and where the three mother wavelets are

P (@) = Y()p(x2), PV (x) = p(z1)e(w2), and P (x) = p(x1)ip(x2).

Figure 3.14 displays an examples of these wavelets.

K2J

2nyl---|-A
|
|
|

|
2]‘”2 €y

Support

Figure 3.14: 2D wavelets and their approximative support (right).

Discrete 2D wavelet coefficients. We suppose that the analog image fy € L2([0, 1]?) is sam-
pled consistently according to (3.16). Discrete wavelet coefficients are defined as

Approx1mat10n coefficients are defined as
a‘j[n] = <f07 fn>
This defines a discrete orthogonal wavelet basis of CV

{09, \J<j<0,0<n,ne <277, we{HV,D}} U{doo},

where ng,o = 1/V/'N is the constant vector. Figure 3.15 shows examples of wavelet coefficients, that
are packed in an image of IV pixels. Figure 3.16 shows other examples of wavelet decompositions.
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Figure 3.16: Ezamples of images (top row) and the corresponding wavelet coefficients (bottom row)

Forward 2D wavelet transform basic step. A basic step of the computation of the 2D wavelet
transform computes detail coefficients and a low pass residual from the fine scale coefficients

H 4V 3D
aj_l > (aj,dj 7dj 7dj )

Similarly to the 1D setting, this mapping is orthogonal, and is computed using the 1D filtering and
sub-sampling formula (3.15) and (3.14).
One first applies 1D horizontal filtering and sub-sampling

(~Z,j = (aj_l *H ?7,) lH 2

= (aj—1 %" h) |72,

S

where +* is the horizontal convolution, that applies the 1D convolution to each column of a matrix

v
L

a7 blny,ny] = a[ny —may, nalblm.]
0

mi
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where a € CP*F and b € CF are matrix and vectors. The notation | 2 accounts for sub-sampling
in the horizontal direction
(a 1 2)[n1,n9] = a2ny,ng).

One then applies 1D vertical filtering and sub-sampling to @; and d; to obtain

a; = (a;«"h)|V 2 dit = (d; ¥ h) |V 2,
= (a;x" 9) 1" 2, dp = (d; " g) 1" 2,

where the vertical operators are defined similarly to horizontal operators but operating on rows.

b aj > wh — 12— G, = > xh — |2 —> aj —>

; ! | ! Iterate
: ¥ y ond
E ¥ > xg — |2 —)dyi

i > +g — 12 > d,— > h — 12— g

i b L2 >l

Coefficients a; Transform on rows Transform on columns

Figure 3.18: One step of the 2D wavelet transform algorithm.

These two forward steps are shown in block diagram in Figure 3.17. These steps can be applied
in place, so that the coefficients are stored in an image of IV pixels, as shown in Figure 3.18. This
gives the traditional display of wavelet coefficients used in Figure 3.16.

Fast 2D wavelet transform. The 2D FWT algorithm iterates these steps through the scales:
— Input: signal f € CV.

— Initialization: a; = f.

—Forj=4J ...,50—1.

aj =(aj_1*"h) |72, df =(a;+"g) 1" 2
dj = (aj-1*"h) |72, dif = (d;*" h) " 2,
aj = (a;x"h)l" 2, dp = (d;j*"g) 1" 2

— Output: the coefficients {d%};,<j<w U {aj,}-
The code 5 implements this 2D FWT algorithm.
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Jmax = log2(n)—1; Jmin = 0;
MW = M;
for j=Jmax:—1:Jmin

A = MW(1:27(3+1),1:2"~(j+1));

for d=1:2
Coarse = subsampling(cconv(A,h,d),d);
Detail = subsampling(cconv(A,qg,d),d);
A = cat3(d, Coarse, Detail );
end
MW (1:27(j+1),1:27(j+1)) = A;
end
Matlab code 5: 2D FWT algorithm, the input is M and the output is MW that stores all wavelet
coefficients.

Fast 2D inverse wavelet transform. The inverse transform undo the horizontal and vertical
filtering steps. The first step computes

aj = (a; %" h) 1V 2+ (d) x" 9) 1V 2,
dj = (df £ h) 1Y 2+ (aP +V g) 1V 2,
where the vertical up-sampling is

v [ alk,ne] if ng =2k,
(af 2)[”1’”2]_{0 if n=2k+1.

The second inverse step computes
aj 1 = (a; " h) 1724 (d; " g) 17 2.

Figure 3.19 shows in block diagram this inverse filter banks, that is the inverse of the diagram 3.17.

on each column

Figure 3.19: Backward 2D filterbank step.

The inverse Fast wavelet transform iteratively applies these elementary steps

—Input:{df}bgj<LwLJ{aﬁ}.
—For j =j0,...,J + 1.

a; = (a;x" h) 1V 24 (d] ¥ g) 1" 2,
dj = (df £ n) 1Y 2+ (aP + g) 1V 2,
aj1 = (a;«" h) 1V 2+ (d; " g) 1V 2.
— Output: f=ay.

3.4 Wavelet Design

To be able to compute the wavelet coefficients using the FWT algorithm, it remains to know
how to compute the scaling and wavelet functions. The FWT only makes use of the filters h and
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Jmax
MW = M;
for j=Jmax:—1:Jmin

A = MW(1:2"(3+1),1:2"(3+1));

log2(n)—1; Jmin = 0;

for d=1:2
Coarse = subsampling(cconv(A,h,d),d);
Detail = subsampling(cconv(A,qg,d),d);
A = cat3(d, Coarse, Detail );
end
MW (1l:2"(3+1),1:27(3+1)) = A;
end

Matlab code 6: 2D inverse FWT algorithm, the input is MW that stores all wavelet coefficients
and the output is M1.
g, so instead of explicitly knowing the functions ¢ and v, one can only know these filters. Indeed,
most of the known wavelets do not have explicit formula, and are implicitly defined through the
cascade of the FWT algorithm.

This section shows what are the constraints h and g should satisfy, and gives practical exam-
ples. Furthermore, it shows that the knowledge of h determines g under the constraint of having
quadrature filters, which is the most usual choice for wavelet analysis.

3.4.1 Low-pass Filter Constraints
Condition (C;p). The refinement equation reads
1 t
756 (3) = X ot - ).
\/i 2 nez
Over the Fourier domain, this equation reads
. 1 .

P(2w) = ﬂh(W)s‘B(w)

where h(w) is the 27-periodic Fourier transform of infinite filters defined in (2.6), whereas ¢(w) is

the Fourier transform of function. One can show that |¢(0)| = 1, so that this relation implies the
first condition (Cy)

(Cy) hl0] = V2.

Condition (C;3). The orthogonality of ¢(- — n)}, is rewritten using a continuous convolution
(2.2) as B
VYneZ, ¢xpn)=0

where ¢(z) = ¢(—), and thus over the Fourier domain,
Z |p(w + 2k7)|? = 1.
i

This leads to condition (Cs)
(Ca) h(w)]? + |h(w +))? = 2.
One can then prove that

{¢j7n}n ortho-basis of V; — (C1) + (Cy).

Condition (C3). The converse is not true, and one needs to control the behavior of h near 0.
For instance, if h is C* around 0 and if condition (C3)

C inf  |h(w)] >0
( 3) wG[—‘n’/Q,W/Q]| ( )|

holds then
(C1) + (C2) + (C3) = {¢jn}n ortho-basis of V.
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3.4.2 High-pass Filter Constraints
Condition (C4). The refinement equation for the wavelet reads
( ) Z g[n]o(t —n)
neL

and thus over the Fourier domain

B(2w) = —=3()d(w). (3.18)

1
vz’
The orthogonality of {1)(- —n)}, is re-written

Vn€Z, xib(n)=

and thus over the Fourier domain

Z w+2k7r =1.

k

Using the Fourier domain refinement equation (3.18), this is equivalent to condition (Cy)
(C4) 9w + [g(w +m)|* = 2.

Figure 7?7 shows the Fourier transform of two filters that satisfy this complementary condition.

2

-TT T

Figure 3.20: Complementarity between a low pass and a high pass wavelet filters h and g that satisfy
condition (Cy).

Condition (C5). The orthogonality between {¢(- — n)},, and {¢(- — n)}, is written as
VneZ, vxon)=
and hence over the Fourier domain

> h(w + 2km) " (w + 2km) = 0.
k

Using the Fourier domain refinement equation (3.18), this is equivalent to condition (Cs)
(Cs) G(W)h(W)* + §(w + 7)h(w +T)* = 0.
One can then prove that under conditions (C;) + (Cz2) + (Cs),

{¥)j.n}n ortho-basis of W; <= (C4) + (Cs).
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Quadrature mirror filters. Quadrature mirror filters (QMF) impose the value of the high pass
filter as follow

g(w) = eiiwﬁ(w +7)* <= g[n] = (—=1)' ""h[l —n]. (3.19)

This choice of filter ensures that (C4) and (Cs) are satisfied.

This choice is the natural choice to build wavelet filters, and is implicitly assumed in most
constructions.

3.4.3 Wavelet Design Constraints

There exists only one Fourier transform, but there is a large choice of different mother wavelet
functions 1. They are characterized by
— Size of the support.
— Number of oscillations (the so called number p of vanishing moments).
— Symmetry (only possible for non-orthogonal bases).
— Smoothness (number of derivatives).

We now detail how these constraints are integrated together with conditions (C1)-(Cs).

Vanishing moments. A wavelet ¢ has p vanishing moments if

1
Vk<p-—1, / Y(z) 2Fdx = 0. (3.20)
0

This ensures that (f, ¥,,) is small if f is C%, a < p on Supp(¥;n)-
This condition can be equivalently expressed over Fourier as

d*h . dkg

VE<p—1, w(”)—w

(0) = 0.

Support. Figure 3.21 shows the wavelet coefficients of a piecewise smooth signal. Coefficients of
large magnitude are clustered near the singularities, because the wavelet 1) has enough vanishing
moments.

To avoid that many wavelets create large coefficients near singularities, one should choose v with
a small support. This requirement is however contradictory with the vanishing moment property
(3.20). Indeed, one can prove that for an orthogonal wavelet basis with p vanishing moments

|Supp(¥)| = 2p — 1,

where sup(a) is the largest closed interval outside of which the function f is zero.

Smoothness. In compression or denoising applications, an approximate signals is recovered from
a partial set Iy; of coefficients,

fM = Z <f7 "/h’,n)’lpj,n-

(Gm)Elm

This approximation fj; has the same smoothness as .

To avoid visually unpleasant artifacts, one should thus choose a smooth wavelet function . This
is only for cosmetic reasons, since increasing smoothness does not leads to a better approximation.
However, for most wavelet family, increasing the number of vanishing moments also increases the
smoothness of the wavelets. This is for instance the case of the Daubechies family exposed in the
next section.
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Figure 3.21: Location of large wavelet coefficients.

3.4.4 Daubechies Wavelets

To build a wavelet ¢ with a fixed number p of vanishing moments, one designs the filter h, and
use the quadrature mirror filter relation (3.19) to compute g. One thus look for h such that

h
dwk

This corresponds to algebraic relationships between the coefficients of h, and it turns out that they
can be solved explicitly using the Euclidean division algorithm for polynomials.

This leads to Daubechies wavelets with p vanishing moments, which are orthogonal wavelets
with a minimum support length of 2p — 1.

For p =1, it leads to the Haar wavelet, with

hW)? + |h(w+m)? =2, h(0)=+v2, and Yk <p, (7) = 0.

h = [h[0] = 0.7071;0.7071].
For p = 2, one obtains the celebrated Daubechies 4 filter
h = [0.4830; h[0] = 0.8365;0.2241; —0.1294],
and for p = 3,
h =[0;0.3327;0.8069; h[0] = 0.4599; —0.1350; —0.0854; 0.0352].

Wavelet display. Figure 3.22 shows examples of Daubechies mother wavelet functions with an
increasing number of vanishing moments. These displays are obtained by computing in fact a
discrete wavelet 1/_Jj7n defined in (3.11) for a very large number of samples N. This discrete wavelet
is computed by applying the inverse wavelet transform to the coefficients d; [n'] = §[j — j']d[n—n'].
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Figure 3.22: Fzamples of Daubechies mother wavelets v with an increasing number p of vanishing
moments.



Chapter 4

Approximation and Compression

This chapter studies the theory of signal and image approximation, and gives an application to
lossy compression. This theoritical analysis is performed for continuous functions f € L2([0, 1]9)
for d = 1,2. This analysis is important to studies the performance of compression, denoising, and
super-resolution applications.

4.1 Approximation

4.1.1 Approximation in an Ortho-basis

We consider an orthogonal basis B = {1y, }n of L2([0,1]%), with for instance d = 1 (signals) or
d = 2 (images). We recall that the decomposition of a signal in an orthonormal basis

F=> f Ym)tbm

mEZ

gives back the original signal and thus produces no error. Processing algorithms modify the coef-
ficients (f, ¥.,) and introduce some error.

The simplest processing computes an approximation by considering only a sub-set Ip; C Z of
M coefficients and performing the reconstruction from this subset

fu = Z (f, Ym)¥m, where M = |I|.

mely
The reconstructed signal fj; is the orthogonal projection of f onto the space
Vi = Span {¢, \ m € Iy} .

Since Vs might depend on f, this projection f +— fj; might be non-linear.
Since the basis is orthogonal, the approximation error is

If = ful? = D [Fs )l

mélju

The important question is now to choose the set I;, which might depend on the signal f itself.

4.1.2 Linear Approximation

Linear approximation is obtained by fixing once for all I;, and thus using the same set of
coefficients for all f. The mapping f — fas is a linear orthogonal projection on Vj;, and it satisfies

(f+9)m = far +9m
For the Fourier basis, one usually selects the low-frequency atoms

Ing = {—M/2+1,...,M/2}.

41
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For a 1D wavelet basis, one usually selects the coarse wavelets

Ing = {m = (j,m) \ j = jo}

where jp is selected such that |[In/| = M.

T

I —

Original f Linear f, Non-linear fy;

Figure 4.1: Linear versus non-linear wavelet approximation.

Figure 4.1, center, shows an example of such a linear approximation with wavelets. Linear
approximation tends to performs poorly near singularities, because they introduce some blurring.

4.1.3 Non-linear Approximation

A non-linear approximation is obtained by choosing I; depending on f. In particular, one
would like to choose I to minimize the approximation error | f — fas|. Since the basis is orthogonal,
this is achieved by selecting the M largest coefficients in magnitude

Iy = {M largest coeflicients |(f, ¥m)|}-
This can be equivalently obtained using a thresholding

Ing = {m \ [(f; Ym)| > T}

where T depends on the number of coefficients M,
M = #{m\ [(f, Ym)| > T}.

Computation of the threshold. There is a bijective 1:1 mapping between T and M obtained
by ordering the coefficient magnitudes |(f, 1,)| by decaying order,

T =dy where {d}N20 = {|{f, L) }0™" and dp > dmys- (4.1)

Figure 4.2 shows this mapping between M and T
Note that the decay of the ordered coefficients is linked to the non-linear approximation decay,

since
If = ful? =D dz,
m>M
and
2 U 2 U 2
2 2 2 _ 2
dr < 77 > dm < 7 > d, = 371 = Fuapl™.
m=M/2+1 m>M/2
This proves that
a+1

dp=0(m™ 7)) <= |f—ful®>=0(M""). (4.2)
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|{f, ¥m)| ordered in

decaying order

\ 4

M
Figure 4.2: Decay of the ordered coefficients and determination of the threshold for non-linear

approziation.

Hard thresholding. The non-linear approximation is re-written as

fM = Z <fa ¢m>wm = Z ST(<f7 "/)m>>wm7 (43)
[{f, ¥m)|>T ™
where -
z it |z| >
Sr() = { 0 if |z|<T (4.4)
is the hard thresholding, that is displayed in Figure 4.3.
(@)
=T R
T T

Figure 4.3: Hard thresholding.

4.2 Signal and Image Modeling

A signal model is a constraint f € ©, where © C L?([0,1]%) is a set of signals one is interested in.
Figure 4.4 shows different class of models for images, that we describe in the following paragraph.

4.2.1 Uniformly Smooth Signals and Images

Signals with derivatives. The simplest model is made of uniformly smooth signals, that have
bounded derivatives

©={feLl*[0, )\ |fle= <C}, (4.5)

where C' > 0 is a fixed constant, and where in 1D

Ifler = max | 2L
o T RES ark e

This extends to higher dimensional signals by considering partial derivatives along each direction.
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Regular Bounded variations Cartoon Natural

Figure 4.4: Exzamples of different kinds of image models.

Sobolev smooth signals and images. A smooth C? signals in (4.5) has derivatives with

bounded energy, so that
dOt
L) = 1) e L2(0,1)).
dte

Using the fact that

Fm] = (2imm)® flm]

where f is the Fourier coefficient defined in (2.4), one defines a so-called Sobolev functional

1£130ba) = Y 12mm**|(f, em)?, (4.6)
MEZ
that satisfies | f|sob(a) = (] for smooth functions. This Sobolev functional is extended to

signals that have derivatives in the sense of distribution in L([0, 1]).
This definition extends to distributions and signals f € L?([0,1]%) of arbitrary dimension d as

"f"gob(a) = Z (27T||m”)2a|<f7 6m>|2, (47)
meze
The C“-Sobolev model
0 = {1 € (0.1 \ xRy < € (15

generalizes the C% smooth image model (4.5).
Figure 4.5 shows images with an increasing Sobolev norm for o = 2.

1£®]

Figure 4.5: Images with increasing Sobolev norm.
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4.2.2 Piecewise Regular Signals and Images

Piecewise smooth signals. Piecewise smooth signals in 1D are functions f € L?([0,1]) that
are C* smooth outside a set of less than K pointwise discontinuities

6= {f € LQ([Ov ”) \ 3 (ti)£617 ‘|f(ti7ti+1)||c" < C} (4'9)

where f(;, +,.,) is the restriction of f to the open interval (t;,%;11).

Piecewise smooth images. Piecewise smooth images are 2D functions f € L*([0, 1]?) that are
C“ regular outside a set of less than K curves that have a finite perimeter

© ={feL([0,1°)\ 3T = (v)I5", Iflcore) < C1 and || < Ca} (4.10)

where |v;] is the length of the curve v; and where | f| e (rey is the maximum norm of the derivatives
of f outside the set of curves I'.

Segmentation methods such as the one proposed by Mumford and Shah [21] implicitly assume
such a piecewise smooth image modem.

4.2.3 Bounded Variation Signals and Images
Signals with edges are obtained by considering functions with bounded variations
©={feL’R)\ |flo <C1 and |flrv < Ca}. (4.11)
For d =1 and d = 2, this model generalizes the model of piecewise smooth signals (4.9) and images

(4.10).
The total variation of a smooth function is

/ IV f(2)ldz

where

Vi(z) = <6f>d_1 eR?

9; ) g

is the gradient vector at x. The total variation is extended to discontinuous images, that might
for instance exhibit jumps across singular curves (the edges of the image). In particular, the total
variation of a piecewise smooth image is the sum of the lengths of its level sets

[£lrv = /_00 [L:(f)|dt < 400 where Li(f)={z\ f(z) =1}, (4.12)

and where |£,(f)] is the length of L£;(f). For a set Q C R? with finite perimeter |9€2|, then
Itelrv = [09].

The model of bounded variation was introduced in image processing by Rudin, Osher and Fatemi
[25].

4.2.4 Cartoon Images

The bounded variation image model (4.11) does not constrain the smoothness of the level set
curves L;(f). Geometrical images have smooth contour curves, which should be taken into account
to improve the result of processing methods.

The model of C* cartoon images is composed of 2D functions that are C* regular outside a set
of less that K regular edge curves ;

O ={fel*(0, 1)\ 30 = (1)iZ"s Iflce@re) <1 and |yilex < Co} (4.13)
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> [|Vf

Figure 4.6: Cartoon image with increasing total variation.

where each ~; is a arc-length parameterization of the curve «; : [0, 4] — [0,1]%. Figure 4.6 shows
cartoon images with increasing total variation | f|rv.

Typical images might also be slightly blurred by optical diffraction, so that one might consider
a blurred cartoon image model

é:{f:f*heLQ([o,l}Q)\fe@ and heH} (4.14)

where O is the model of sharp (unblurred) images (4.13) and H is a set of constraints on the
blurring kernel, for instance h > 0 should be smooth, localized in space and frequency. This
unknown blurring makes difficult brute force approaches that detects the edges location I' and
then process the regular parts in [0, 1]2\T.

Figure 4.7 shows examples of images in © and ©.

Figure 4.7: Examples of cartoon images: sharp discontinuties (left and center) and smooth discon-
tinuities (right).

4.3 Efficient approximation

4.3.1 Decay of Approximation Error

To perform an efficient processing of signals or images in O, the goal is to design an orthogonal
basis such that the non-linear approximation error |f — fas| decays as fast as possible to 0 when
M increases.

Polynomial error decay. This error decay measured using a power law

VifeO, VM, |f-ful>?<CiM—® (4.15)
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where « is independent of f and should be as large as possible. The parameter « depends on the
basis and on ©. It is a class-complexity parameter that describes the overall complexity of signals
in © with respect to the orthogonal basis one considers for approximation. The parameter Cy
depends on f and describes the complexity of the signal f within its class ©.

Relevance for compression, denoising and inverse problems. Monitoring the decay of
approximation error is not only interesting from a mathematical point of view. Section 4.4 shows
that the compression error is close to the non-linear approximation error. Bases that are efficient
for approximation are thus also efficient for compression.

Chapter 5 shows that a similar conclusion holds for non-linear denoising with thresholding.
Efficient denoisers are obtained by performing a non-linear approximation of the noisy image in a
well chosen basis. The average denoising error with respect to a random noise is closely related to
the approximation error.

Chapter 7?7 shows that ill-posed inverse problems such as super-resolution of missing information
can be solved by taking advantage of the compressibility of the signal or the image in a well chosen
basis. A basis that is efficient for approximation of the high resolution signal is needed to recover
efficiently missing information. The performance of these schemes is difficult to analyze, and the
basis atoms must also be far enough from the kernel of the operator that removes information.

4.3.2 Comparison of Signals

For a fixed basis (for instance wavelets), the decay of |f — fas| allows one to compare the
complexity of different images. Figure 4.9 shows that natural images with complicated geometric
structures and textures are more difficult to approximate using wavelets.

Since the approximation error often decays in a power-low fashion (4.15), the curves are dis-
played in a log-log plot, so that

log(|.f = farl?) = cst — alog(M)

and hence one should expect an affine curve with slope —a. Due to discretization issue, this is only
the case for value of M < N, since the error quickly drops to zero for M ~ N.

« Bl

Smooth Cartoon Natural #1 Natural #2

Figure 4.8: Several different test images.

4.3.3 Comparison of Bases

For a given image f, one can compare different ortho-bases using the decay of | f — far|. Figure
4.11 shows the efficiency of several bases to approximate a fixed natural image with contours
and textures. The Fourier basis described in Section 2.5 is highly innefficient because of periodic
boundary artifact and the global support of its atoms that fail to capture contours. The cosine
basis uses symmetric boundary conditions and thus removes the boundary artifacts, but it still
not able to resolve efficiently localized features. The local DCT basis corresponds to the union
of local cosine bases defined on small square patches. It is more efficient since its atoms have a
local support. However, it gives bad approximation for a small number M of kept coefficients,



48 CHAPTER 4. APPROXIMATION AND COMPRESSION

4 25 2 15

Figure 4.9: Comparison of approzimation error decay in wavelets for different images shown in
Figure 4.8.

because of blocking artifacts. The isotropic wavelet basis detailed in Section 3.3.3 gives the best
approximation results because its is both composed of localized atoms and does not have a block
structure but rather a multiresolution structure.

B
i

Fourier Cosine Local DCT Wayvelets
SNR=17.1dB SNR=17.5dB SNR=18.4dB SNR=19.3dB

Figure 4.10: Comparison of approzimation errors for different bases using the same number M =
N/50 of coefficients.

4.4 Transform Coding
4.4.1 Coding

State of the art compression schemes correspond to transform coders, that code quantized
coefficients in an ortho-basis. They first computes the coefficients of the decomposition of the
signal into an well-chosen basis (for instance wavelets)

a[m] = <f» 'l/}m> €R.

Quantization corresponds to rounding the coefficients to an integer using a step size T > 0

g[m] = Qr(a[m]) € Z where Qr(x) = sign(x) {%J .

We note that this quantizer has a twice larger zero bin, so that coefficients in [-T,T] are set to
Zero.
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Figure 4.11: Comparison of approximation error decay for different bases.

This quantizer nonlinearity should be compared to the hard thresholding nonlinearity (4.4)
used to perform non-linear approximation. The quantizer not only set to zero small coefficients
that are smaller than T in magnitude, it also modifies larger coefficients by rounding, see Figure
4.12.

2 0 2
Figure 4.12: Thresholding and quantization non-linearity mappings.
The resulting integer values ¢[n] are stored into a binary file of length R, which corresponds to a

number of bits. Sections 4.4.3 and 4.4.4 detail two different approach to perform this transformation
from integer to bits. The goal is to reduce as much as possible the number R of bits.

4.4.2 De-coding

The decoder retrieves the quantized coefficients ¢[m] from the binary file, and dequantizes the
coefficients using

alm] = sign(gq[m]) <|q[m] + ;) T. (4.16)

This corresponds to retrieving the value from quantization at the center of quantization bins:
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—2T =T T 2T a|lm
+o—+o+—o—to+eob
alm)

The compressed-decompressed image using R bits is then reconstructed as

fr=>_ amlm =Y Qr((f, ¥m))tm,

melr melr

thus producing a decompression error |f — fg|.

This decompression reconstruction (4.4.2) should be compared with the non-linear approxima-
tion formula (4.3). One necessarily has |f — far| < | f — fr], but in practice these two errors have
comparable magnitudes. Indeed, the de-quantization formula (4.16) implies that for |a[m]| > T,

One thus has

If = fal? = Sl -l < Y P+ S () (@17)

m la[m]|<T la[m]|>T

<|f = ful® + MT? /4 (4.18)

where

M = #{m\ am] # 0} .

4.4.3 Support Coding

To measure how large is the additional error term MT?/4 in (4.17), one needs to choose a
method to store the quantized coefficients ¢[m] into a file.

For aggressive compression scenario, where R and M are small with respect to the size N of
the image, the support

I = {m\ a[m] # 0}
is highly sparse. It thus make sense to code first this support and then to code the actual value
g[m] # 0 for m € I;.

Signals constraints. To derive a connexion between the non-linear approximation error |f —
fa|? and the coding error | f — fr|?, we make several assumptions on the signal f. We first suppose
that the coefficients (f, 1,,,) are highly sparse, by imposing a fast decay of the ordered coefficients
dy, defined in (4.1)
atl

dpy ~m™ "2 (4.19)
where u,, ~ v, means that there exists two constant A, B > 0 such that Au,, < v,, < Bu,,. We
note that condition (4.19) implies in particular that |f — fas]| ~ M, so that the signals are well
approximated using the basis {¢, }nm if « is large.

Furthermore, a practical compression algorithm is only capable of dealing with discrete signals
of size N. We thus considers that the algorithm has access to N inner products {{f, ¥m)}o<m<n
that are computed using a decomposition algorithm from a discretized signal or image of size
N. For instance, Section 3.2 details a discrete wavelet transform, and introduces a compatibility
condition (3.9) on the sampling operator for this inner product computation to be possible from
discrete data.

For the compression from the discrete signals to be the same as a compression of a continuous
signal, we impose that N is large enough so that

Vm}N, |<fa’l/)m>‘<T

so that the coefficients not quantized to 0 are contained within the set {(f, ¥m)}ocm<n of the N
computed coefficients.
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The other hypothesis beyond (4.19) is that the sampling precision N is not too large, and in
particular, that there is a polynomial grows of N with respect to the number M of coefficients to
code

N~ MP (4.20)

for some 8 > 0. For the wavelet and Fourier bases, and for all the classes of signals and images
detailed in Section 4.2, one can show that this is indeed the case, if one orders the basis elements
{tm }m from low frequencies (or coarse scales) to high frequencies (or fine scales). This is because
in these bases, the coeflicients (f, ¥,,) have a polynomial decay with m if f as some smoothness.
See Sections 4.5.2 and 4.6.1 for a proof of this decay for Sobolev and piecewise regular signals.

Support coding. Since the size of the support is |I5;| = M, one can code the entries of Iys as
being a set of size M within a larger set of N coeflicients using a number of bits

ﬁmgb&<z):MMh&<z)ﬁdXMb&Mﬂ) (4.21)

where ( ﬁ,) is the number of possible choices for M elements in a set of N elements, and where we
have used hypothesis (4.19) to derive the last equality.

Values coding. The quantized values satisfy ¢[m] € {—A, ..., A}, with

1
A< Trnax|<f7 U = O(T™),
so one can code them using a number of bits
Ryal = O(M|logy(T)[) = O(M logy (M)) (4.22)
where we have used hypothesis (4.19) that implies |log,(T")| ~ log,(M).

Total number of bits. Putting (4.21) and (4.22) together, the total number of bits for this
support coding approach is thus

R= Rind + Rval = O(M logQ(M))
Inverting this relationship proves that
M = O(Rlogy(R)). (4.23)

Rate/distortion error decay. Condition (4.19) implies that MT? ~ M~2, so that putting
(4.17) and (4.23) together proves

|f = frI* = OQlog® (R)R™®).

This shows the importance of the study of non-linear approximation, and in particular the design
of bases that are efficient for approximation of a given signal model O.

4.4.4 Entropic Coding

To further reduce the file size R (in bits), one can use an entropic coder to transform the integer
values ¢[m] into bits. Such coding scheme makes use of the statistical redundancy of the quantized
values, that have a large number of zero entries and very few large entries. The theory of coding
was formalized by Shannon [28].

Probabilistic modeling. The quantized coefficients g[m] € {—A4,..., A} are assumed to take
values in an alphabet of @ = 2A + 1 elements. A coding scheme performs the transformation

{q[m]}m — {0,1,1,...,0,1} € {0, 1} 7.

To reduce the average value of R, one makes use of a statistical model, which assumes that the
g[m] are drawn independently at random from a known probability distribution

P(g[m] = i) = p; € [0,1].
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Original f Zoom Wavelet support Compressed fr

Figure 4.13: Image compression using wavelet support codding.

Huffman code. A Huffman code is a code with variable length, since it perform a mapping from
symbols to binary strings

gml=i1e{-A,..., A} — ¢ € {071}\61'\

where |¢;| is the length of the binary code word ¢;, that should be larger if p; is small. A Huffman
tree algorithm is able to build a code such that

|ci| < [logy(p:)]

so that
R<(E(p)+1)N

where & is the entropy of the distribution, defined as
—> pilog,(p:).

Figure 4.14 shows different probability distribution. The entropy is small for highly sparse distri-
bution. Wavelet coefficients of natural images tend to have a low entropy because many coefficients
are small.

The Huffman scheme codes symbols independently, leading to a sub-optimal code if some of
the p; are large, which is usually the case for wavelet coefficients. One usually prefers arithmetic
coding schemes, that codes groups of symbols, and are able to get close to the entropy bound
R~ E(p)N for large N.

Di
| |....‘..,L?T ?99_)

E(p) = log,(Q ) < log,(Q

Figure 4.14: Three different probability distributions.

4.4.5 JPEG-2000

JPEG-2000 is the latest still image compression standard. It corresponds to a wavelet transform
coder that performs a clever adaptive entropy coding that makes use of the statistical redundancy
of wavelet coefficients of natural images. The wavelet transform is not orthogonal, it is a symmetric
7/9 biorthogonal, with symmetric boundary condition and a lifting implementation. This transform
is however close to orthogonality, so that the previous discussion about orthogonal approximation
and coding is still relevant.
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Figure 4.15: JPEG-2000 coding architecture.

Figure 4.15 shows an overview of JPEG-2000 architecture. Figure 4.16 shows a comparison
between JPEG and JPEG-2000 compressors. JPEG is based on a local DCT transform, and
suffers from blocking artifacts at low bit rates, which is not the case of JPEG-2000. This new
standard also comes with several important features, such as regions of interest, which allows to
refine the coding in some specific parts of the image.

Figure 4.16: Comparison of JPEG (left) and JPEG-2000 (right) coding.

Dyadic quantization. The wavelet coefficients are quantized with a varying quantization step
T; = 27"Ty. This allows one to progressively increase the precision of the coded coefficients. For
each i, a bit plane coding pass produces new bits to refine the value of the coefficients when i
increases.
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Steam packing. The bits obtained using the bit plane pass with quantizer T; = 27T} are
entropy coded using a contextual coder. This coder processes square blocks Sy of coefficients. This
local coding enhances the parallelization of the method. This local block coding produces a bit
stream c¥, and these streams are optimally packed into the final coded file to reduce the distortion
| f — fr| for almost every possible number R of bits. This stream packing ensures scalability of the
output bit stream. It means that one can receive only the R first bits of a large coded file and get
a low resolution decoded image fr that has an almost minimal distortion |f — fg|.

Bit plane coding pass. For each threshold T;, for each scale and orientation (j,w € {V, H, D}),

for each coefficient location n € Sk, JPEG-2000 coder encodes several bit reflecting the value of

the wavelet coefficient d¥ [n]. In the following we drop the dependancy on (j,w) for simplicity.

= If d¥[n] < Ti_1, the coefficient was not significant at bit-plane i —1. It thus encodes a significance
bit b} [n] to tell wether d¥[n] > T; or not.

— If b}[n] = 1, meaning that the coefficient has became significant, it codes it sign as a bit b?[n].

— For every position n that was previously significant, meaning d¥[n] > Tj_1, it codes a value
refinement bit b7[n] to tell wether d¥[n] > T; or not.

Contextual coder. The final bits streams cf are computed from the produced bits {b3[n]}3_;

for n € Si using a contextual coder. The contextual coding makes use of spacial redundancies in
wavelet coeflicients, especially near edges and geometric singularities that create clusters of large
coefficients. The coefficients n € S are traversed in zig-zag order as shown on Figure 4.17.

@ 6 6 ¢ o o o o o D

==

<>. e ¢ ¢ |6 6 o) 66 o o

X 3 context window

code block width

Figure 4.17: Coding order and context for JPEG-2000 coding.

For each coefficient location n € Sy, the context value v$[n] of the bit b7[n] to code at position
z is an integer computed over a 3 x 3 window

wn, = {(n1 +e1,m2 +€2) fe,=+1-

This local context v [n] integrates in a complicated way the previous bit plane values {b{_;[7]}rew,, ,
and neighboring bits at plane {b5[71] }iecw, 7 codea that have already been coded.

The bit value bf[n] is then coded with an arithmetic coding by making use of the conditional
probability distribution P(b3[n]|vi[n]). The choice made for the computation vi[n] allows to re-
duce significantly the entropy of this conditional probability condition with respect to the original
distribution P(b[n]), thus reducing the overall number of bits.

4.5 Fourier Approximation of Smooth Functions
The smooth signal and image model (4.5) assumed that the analog function have bounded «

continuous derivatives. A function f with a large o has more smoothness, and is thus simpler to
approximate. Figure 4.5 shows images with increasing smoothness.
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4.5.1 1D Fourier Approximation

A 1D signal f € L%([0,1]) is associated to a l1-periodic function f(t + 1) = f(t) defined for
teR.

Low pass approximation. We consider a linear Fourier approximation, that only retains low

frequencies
M/2

nr=Y, (fremem
m=—M/2

where we use the 1D Fourier atoms
VneZ, en(t)=e* ™,

We note that fj; actually requires M + 1 Fourier atoms.

Figure 4.18 shows examples of such linear approximation for an increasing value of M. Since
the original function f is singular (no derivative), this produces a large error and one observe
ringing artifacts near singularities. Code 7 implement this low pass linear approximation and code
8 implement the non-linear approximation.

Figure 4.18: Fourier approximation of a signal.

F = fftshift (fft2(f));

n = size(f,1);

Fl = zeros(n);

sel = (n/2—m:n/2+m)+1;
Fl(sel,sel) = F(sel,sel);

fl = real( ifft2(fftshift(F1l)) );

Matlab code 7: 2D Fourier linear approzimation. Input: image £, parameter m, output: approz-
imation £1. The number of coefficients is M = (2m+1)2.

fft2 (f);

sort (abs(F(:))); a = a(end:—1:1);
a(M+1);

F .x (abs(F)>T);

1 = real( ifft2(F) );

F
a
T
F
£

Matlab code 8: 2D Fourier linear approximation. Input: image £ and number of coefficients M,
output: approrimation £1.

Low pass approximation and filtering. This low pass approximation corresponds to a filter-
ing, since
M/2
fu = Z (f, em)em = fxhy  where h[k] = 1{_ 2,012 [K].
m=—M/2
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Decay of Fourier coefficients. Using integration by part, one shows that for a C* function f
in the smooth signal model (4.5), one has

[(F, em)] < [2mm| = F].

This implies a fast decay of the linear approximation error

”f - f]l\i[n" = Z |<f, 6m>|2 < "f(a)” Z |2ﬂ-m|*20¢ — O(M72o¢+1)'

|m|>M/2 m|>M/2

We show next that a more precise estimation caries over for the larger class of Sobolev signals.

4.5.2 Sobolev Signal Approximation

For signal f in the Sobolev model (4.8), one has

LA = 2amP S en)P > D 2amP(f, em)]? (4.24)
m |m|>M/2
> (@M Y [ em)P > (rM)*Nf = fiF P (4.25)
m>M/2

This shows that the linear approximation error of a 1D Sobolev smooth signal satisfies
If = A7 1P < ClF@PM2e (4.26)

One can also shows that this asymptotic error decay is optimal, and that the non-linear approxi-
mation error in Fourier also decays like O(M ~2%).

For a signal in the piecewise smooth model (4.9), such as the one shows in Figure 4.18, one
only has a slow decay of the linear and non-linear approximation error

If = ful® <CpM! (4.27)

and Fourier atoms are not anymore optimal for approximation.

4.5.3 Sobolev Images

This analysis caries over to images and higher dimensional datasets by considering a Sobolev
functional (4.7) for d > 1.
The linear and non-linear approximation of an a-regular Sobolev image then satisfy

If = ful* < ClFePare.

For d-dimensional data f : [0,1]% — R, one would have an error decay of O(M —2/%),

For an image in the piecewise smooth model (4.10), the linear and non-linear error decays are
slow,

If = ful? < CpM12, (4.28)

and Fourier atoms are not anymore optimal for approximation.

4.6 Wavelet Approximation of Piecewise Smooth Functions

Wavelet approximation improve significantly over Fourier approximation to capture singulari-
ties. This is due to the localized support of wavelets.
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Figure 4.19: Linear (top row) and non-linear (bottom row) Fourier approxzimation.

I

Figure 4.20: Singular par of signals (left) and image (right).
4.6.1 Decay of Wavelet Coefficients

To efficiently approximate regular parts of signals and images, one uses wavelet with a large
enough number p of vanishing moments

Vk <p, /w(x)mkdx =0.

This number p should be larger than the regularity « of the signal outside singularities (for instance
jumps or kinks).

To quantify the approximation error decay for piecewise smooth signals (4.9) and images (4.10),
one needs to treat differently wavelets that are in regular and singular areas. Figure 4.20 shows
for a signal and an image the localization of singular and regular parts.

If f is C* on supp(¢.»), with p > «, then one can perform a Taylor expansion of f around the
point 2/n

f(x) = P(x — 2/n) + R(z — 27n) = P(27t) + R(27t)

where deg(P) < a and
[R(xz)| < Cplz]*.

One then bounds the wavelet coefficient

x—2n

i) =iz [ 5w (F5 ) as =2 [ Reua

z—2In
27

where we have performed the change of variable ¢ =
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This shows that if supp(¢;,) does not contain a singularity of the signal (d = 1) or image
(d=2) f, one has

(s )| < Cplpl 27 4/2). (4.29)

For wavelets that are too close to a singularity, one can only use the fact that f is bounded, so
that

[(F, Bsnd] < 1Floollr272.

4.6.2 1D Piecewise Smooth Approximation

For 1D signal in the piecewise regular model (4.9), large wavelets coefficients (f, v;,) are
clustered around the singularities of the signal. We call § C [0, 1] the finite set of singular points.

Coefficient segmentation. The singular support at scale 27 is the set of coefficients correspond-
ing to wavelets that are crossing a singularity

Cj ={n\ supp(s;n) NS # 0} (4.30)
It has a constant size because of the dyadic translation of wavelets
IC;| < K|S| = constant.
Using (4.29) for d = 1, the decay of regular coefficients is bounded as
VneCs, [(f )| < COT2),
Using (4.6.1) for d = 1, the decay of singular coefficients is bounded as
Vel [{f, djn) < C27/2

Once a fixed threshold T is fixed to compute the non-linear approximation, one defines cut-off
scales for regular and singular coefficients that depend on T

9 = (T/C)a¥172  and 27 = (T/C)>.

Figure 4.21 shows a schematic segmentation of the set of wavelet coefficients into regular and
singular parts, and also using the cut-off scales.

. *, K . Small coefficient

* K * .
(s il < T

* @ Large coefficient

Figure 4.21: Segmentation of the wavelet coefficients into regular and singular parts.
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Counting the error. These cut-off scales allow us to define a hand-crafted approximation signal

Fu= 30 ST i+ S ST gy (4.31)

242 neC; 241 necs

The approximation error generated by this M-term approximation fM is larger than the best
M-term approximation error, and hence

If =l <UF =l < D0 WA Pt D 1 )l (4.32)
Jj<j2,m€C; J<j1,m€Cs
<Y O (KIS|) x €227 + Y~ 277 x PRt (4.33)
J<j2 i<iji
= 02 4 2209y = O(T? + Ta4173) = O(T=417%). (4.34)

Counting the number of measurements. The number of coefficients needed to build the
approximating signal fj, is

MY G+ D 1es <> KIS+ > 27 (4.35)

Jj=j2 JZi JZJj2 JZi

= O(|log(T)| + Ta7177) = O(T7172). (4.36)

Putting everything together. Putting equations (4.32) and (4.35) together, one obtains that
if f is in the piecewise smooth signal model (4.9), the non-linear approximation error in wavelet
obeys

If = farl? = O(M~2). (4.37)

This improves significantly over the O(M ') decay of Fourier approximation (4.27). Furthermore,
this decay is the same as the error decay of uniformly smooth signal (4.26). In 1D, wavelet approx-
imations do not “see” the singularities. The error decay (4.37) can be shown to be asymptotically
optimal.

Figure 4.22: 1D wavelet approzimation.

Figure 4.22 shows examples of wavelet approximation of singular signals.



60 CHAPTER 4. APPROXIMATION AND COMPRESSION

4.6.3 2D Piecewise Smooth Approximation

For an image in the piecewise smooth model (4.10), we define the singular support C; as in
(4.30). The major difference with the 1D setting, is that for 2D images, the size of the singular
support grows when the scale 27 goes to zero

Ic¥| < 277K|S|,

where |S| is the perimeter of the singular curves S, and w € {V, H, D} is the wavelet orientation.
Using (4.29) for d = 2, the decay of regular coefficients is bounded as

¥n € (CY)° {f, vyl < o2t
Using (4.6.1) for d = 2, the decay of singular coefficients is bounded as
Vnecly, |(f, 7)< Cc27.
After fixing T, the cut-off scales are defined as
21 = (T/C)=+T and 27 =T/C.

We define similarly to (4.31) a hand-made approximation. Similarly to (4.32), we bound the
approximation error as

If = ful® < 1f = ful? = 027 + 209) = O(T + T1) = O(T)
and the number of coefficients as
M =0T ! +T5 1) = O(T™Y).
This leads to a decay of the non-linear wavelet approximation error

If = farl? = O(M™). (4.38)

This improves significantly over the O(M ~'/?) decay of Fourier approximation (4.28). This result
is however deceiving, since it does not take advantage of the C* regularity of the image outside
the edge curves.

This error decay is still valid for the more general model of images with bounded variations
(4.11). One can shows that wavelets are asymptotically optimal to approximate images with
bounded variations.

Figure 4.23: 2D wavelet approzimation.

Figure 4.23 shows wavelet approximations of a bounded variation image. Code 9 implements
the linear wavelet approximation and code 10 implements the non-linear approximation.
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fw = perform_wavelet_transf (f, jO,+1);

n = size(f,1); fwl = zeros(n);
fwl(l:n/4,1:n/4) = fw(l:m,1:m);

fl = perform_wavelet_transf (fwl, jO,—1);

Matlab code 9: 2D wavelets linear approzimation. Input: image £, parameter m, coarse scale jO,
output: approzimation £1. The number of coefficients is M =m>.

fw = perform wavelet_transf(f, jO,+1);
= sort (abs(fw(:))); a = a(end:—1:1);
= a(M+1);

= fw .*x (abs(fw)>T);

a
T
fwl
fl = perform_wavelet_transf (fwl, jO,—1);

Matlab code 10: 2D wavelets linear approximation. Input: image £ and number of coefficients
M, coarse scale jO, output: approximation £1. . .
4.7 Cartoon Images Approximation

The square support of wavelet makes them inefficient to approximate geometric images (4.13),
whose edges are more regular than the level set of bounded variation images (4.11), which are only
assumed to be of finite length.

4.7.1 Wavelet Approximation of Cartoon Images

Result (4.38) shows that wavelet approximation of images in the cartoon models (4.13) decays
at least like O(M~1!). One can show that simple cartoon images like f = 1o where 2 is a disk
reach this low decay speed. This is because the square support of wavelets forbid them to take
advantage of the regularity of edge curves. The approximation error for the smoothed cartoon
model (4.14) is also slow if the width of the blurring kernel is small with respect to the number M
of coefficients.

Figure 4.24 shows that many large coefficients are located near edge curves, and retaining only
a small number leads to a bad approximation with visually unpleasant artifacts.

‘ )

29~ M2

f {95} fu

Figure 4.24: Wawvelet approzimation of a cartoon image.

4.7.2 Finite Element Approximation

To improve over the wavelet approximation, one can design an adapted triangulation that is
highly anisotropic near edges. Figure 4.25 shows an example of such a triangulation.

A triangulation is obtain by sampling M points over the image domain [0,1]? and then con-
necting them using triangles. One then defines a piecewise linear interpolation fM over these
triangles.

As shown in Figure 4.26, an efficient approximation of a C*-cartoon image (4.13) for a = 2
is obtained by seeding ~ M/2 approximately equilateral triangles of width ~ M~'/2 in the areas
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Figure 4.25: Left: cartoon image, Tight: adaptive triangulation.

M—1/2

M—1/2

Figure 4.26: Aspect ratio of triangle away from edges (left) and near an edge (right).

where the image is regular. Near the edges, using the C? regularity of the singular curve, one can
seed ~ M /2 anisotropic triangles of length M ~! and width ~ M ~1/2 One can show that such an
adaptive triangulation leads to an approximation error

If = farl? = O(M™2), (4.39)

which improves over the wavelet approximation error decay (4.38).

This scheme is however difficult to implement in practice, since the edge curves are not known
and difficult to find. This is in particular the case for smooth cartoon images when the smoothing
kernel h is unknown.

There is currrently no known algorithm that can automatically produces the error decay (4.39).
One thus has to use heuristics and greedy algorithm to find the location of the sampling points
and computes the triangles. Figure (4.27) shows an example of compression using such a greedy
seeding algorithm, that works well in practice.
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Adpated triangulation far JPEG-2000

Figure 4.27: Comparison of adaptive triangulation and JPEG-2000, with the same number of bits.
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4.7.3 Curvelets Approximation

Instead of using an adaptive approximation scheme such as finite elements, one can replace the
wavelet basis by a set of oriented anisotropic atoms. The curvelet frame was proposed by Candes
and Donoho for this purpose [3].

Curvelets. The curvelet construction starts from a curvelet function c¢ that is oriented along the
horizontal direction, and perform stretching

Coi (1, x2) &= 2_3j/4c(2_j/2x1, 279 xy),

translation and rotation

cgj’u(xl, Z2) = c9i (Rp(z — u))
where Ry is the rotation of angle 6.
The atoms cgj,u is located near u, with an orientation #, and has an aspect ratio “width =
length?”, which is the same aspect used to build an adaptive finite element approximation. This
aspect ratio is essential to capture the anisotropic regularity near edges for images in the cartoon
model (4.13) for a = 2.

(0]

AW

|u1

Figure 4.28: Left: a curvelet c,,, right: its Fourier transform localization.

Figure 4.29 shows the spacial and frequency localization of curvelets.

Parameter discretization. To build an image representation, one need to sample the u and 6
parameter. To maintain a stable representation, the sub-sampling of the angles depends on the
scale _ ‘ _

VO < k<2 l3/2142 0 gl — paoli/21-1

and the spacial grid depends on the scale and on the angles
Vm = (my,mg) € z2, uﬁ,{’e) = Rg(2j/2m1,2jm2).

Figure 4.29 shows this sampling pattern.

Curvelet tight frame. This sampling leads to a stable redundant family
Cimpi(z) = cgj7u(m) where 6 = 0,(;) and u = u?,

that obeys a conservation of energy

o—[3i/2142

=" > D W Cimi)l

JjEZ k=0 meZ?
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Frequency tiling Spatial sampling

Figure 4.29: Sampling pattern for the curvelet positions.

and a reconstruction formula

o—Ti/21+42

=303 Y A Cimr)Chimn

JEZ k=0 meZ?

that extends the properties of orthogonal basis (tight frame), although the representation is redun-
dant (the atoms are not orthogonal).

A numerical implementation of this tight frame also defines a discrete tight frame for image of
N pixels, that is made of ~ 5N atoms [4].

Curvelet approximation. A non-linear M-term approximation in curvelets is defined as

fu= > A Cima)Cimn

£, Cim ) [>T

where T is a threshold that depends on M. One should note that fj; is not necessarily the best
M-term curvelet approximation since the curvelet frame is not orthogonal.

For position u%’e) that are far away from an edges, the vanishing moments of the curvelets
create a small coefficient (f, Cjm k). If u$? is close to an edge curve whose tangent has direction
6, then the coefficient (f, Cjm.k) decays very fast to zero when |6 — 6 | increases. Figure 4.30 shows
the principle of this curvelet approximation, and compares it with directional wavelets that have
a square support.

Directional wavelets Curvelets

Figure 4.30: Comparison of the principle of wavelets (left) and curvelet (right) approzimations of
a cartoon image.
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Using these two properties together with the sparse sampling of the curvelet in space and
orientation leads to the following approximation error decay

If = far|? = Olog® (M) M ~2)

for image in the cartoon model (4.13) for o = 2. This is close to the decay of adaptive triangulations
(4.39), but this time one computes fj; with a fast O(N log(N)) algorithm for an image of N pixels.

In practice, the redundancy of the curvelet frame makes it not suitable for image compression.
Its efficiency is however useful for denoising purpose, where it can improve over wavelet to denoise
geometric images and textures, see Figure 4.31. The result is obtained by using a thresholding
denoiser as detailed in Section 5.3.1.

Wavelet f Curvelets f

Figure 4.31: Comparison of wavelets (translation invariant) and curvelet denoising.
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Chapter 5

Denoising with Thresholding

Together with compression, denoising is the most important processing application, that is
pervasive in almost any signal or image processing pipeline. Indeed, data acquisition always comes
with some kind of noise, so modeling this noise and removing it efficiently is crucial.

5.1 Noise Modeling

5.1.1 Noise in Images

Image acquisition devices always produce some noise. Figure 5.1 shows images produced by
different hardware, where the regularity of the underlying signal and the statistics of the noise is
very different.

Digital camera Confocal imaging SAR imaging

Figure 5.1: Ezample of noise in different imaging device.

One should thus model both the acquisition process and the statistics of the noise to fit the
imaging process. Then one should also model the regularity and geometry of the clean signal to
choose a basis adapted to its representation. This chapter describes how thresholding methods
can be used to perform denoising in some specific situations where the noise statistics are close to
being Gaussian and the mixing operator is a sum or can be approximated by a sum.

In the following, we consider only finite dimensional signal f € CV.

5.1.2 Image Formation

Figure 5.2 shows an idealized view of the image formation process, that mixes a clean image fy
with a noise w to obtain noisy observations f = fy @ w, where & might for instance be a sum or a
multiplication.

67



68 CHAPTER 5. DENOISING WITH THRESHOLDING

Figure 5.2: Image formation with noise modeling and denoising pipepline.

Statistical modeling considers w as a random vector with known distribution, while numerical
computation are usually done on a single realization of this random vector, still denoted as w.

Additive Noise. The simplest model for such image formation consists in assuming that it is
an additive perturbation of a clean signal fj

f=fotw

where w is the noise residual. Statistical noise modeling assume that w is a random vector, and in
practice one only observes a realization of this vector. This modeling thus implies that the image
f to be processed is also a random vector. Figure 5.3 and 5.4 show examples of noise addition to
a clean signal and a clean image.

Figure 5.4: 2D additive noise example.

The simplest noise model assumes that each entry w[n] of the noise is a Gaussian random
variable of variance o2, and that the w[n] are independent. This is the white noise model.
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Depending on the image acquisition device, one should consider different noise distributions,
such as for instance uniform noise win] € [—a, a] or Impulse noise

“l2/o1® " where o <2

p(w[n] =z) xe

In many situations, the noise perturbation is not additive, and for instance its intensity might

depend on the intensity of the signal. This is the case with Poisson and multiplicative noises
considered in Section 5.4.

5.1.3 Denoiser

A denoiser (also called estimator) is an estimation f of fo computed from the observation f
alone. It is thus also a random vector that depends on the noise w. Since f is a random vector of
mean fo, the numerical denoising process corresponds to the estimation of the mean of a random
vector from a single realization. Figure 5.5 shows an example of denoising.

The quality of a denoiser is measured using the average mean square risk E,, (| fo — f]|?). where
E,, is the esperance (averaging) with respect to the noise w. Since fj is unknown, this corresponds
to a theoretical measure of performance, that is bounded using a mathematical analysis. In the
numerical experiments, one observes a single realization f = fy + w, and the performance is
estimated from this single denoising using the SNR,

SNR(f, f0) = —201ogyo(|.f — fol /I foll),

which is expressed in dB. This measure of performance requires the knowledge of the clean signal
fo, and should thus only be considered as an experimentation tool, that might not be available
in a real life denoising scenario where clean data are not available. Furthermore, the use of an
L? measure of performance is questionable, and one should also observe the result to judge of the
visual quality of the denoising.

Figure 5.5: Left: clean image, center: noisy image, Tight: denoised image.

5.2 Linear Denoising using Filtering

5.2.1 Translation Invariant Estimators

A linear estimator £(f) = f of fo depends linearly on f, so that £(f + g) = £(f) + E(g). A
translation invariant estimator commutes with translation, so that £(f;) = £(f),, where f.(t) =
f(t — 7). Such a denoiser can always be written as a filtering

f=fxh
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where h € RY is a (low pass) filter, that should satisfy at least

> " hln] = hlo] = 1.

n

Figure 5.6 shows an example of denoising using a low pass filter.

RN T N o e -

log
- 5 11 /\Nl/s 1

log

. /“\

fxh logf h = log(h +log

Figure 5.6: Denoising by filtering over the spacial (left) and Fourier (right) domains.

The filtering strength is usually controlled the width s of h. A typical example is the Gaussian

filter
.1 i?

V —N/2<i< N/2, hs[z]—zexp (—282) (5.1)
where Z; ensures that ), hs[i] = 1 (low pass). Figure 5.6 shows the effect of Gaussian filtering
over the spacial and Fourier domains.

Figure 5.7 shows the effect of low pass filtering on a signal and an image with an increasing filter
width s. Linear filtering introduces a blur and are thus only efficient to denoise smooth signals and
image. For signals and images with discontinuities, this blur deteriorates the signal. Removing a
large amount of noise necessitates to also smooth significantly edges and singularities.

5.2.2 Optimal Filter Selection

The selection of an optimal filter is a difficult task. Its choice depends both on the regularity
of the (unknown) data fy and the noise level o. A simpler option is to optimize the filter width s
among a parametric family of filters, such as for instance the Gaussian filters defined in (5.1).
The denoising error can be decomposed as

I = fol < Ihs* fo—= fol + [hs xwl

The filter width s should be optimized to perform a tradeoff between removing enough noise
(Jhs *w| decreases with s) and not smoothing too much the singularities ((|hs* fo — fo| increases
with s).

Figure (5.8) shows the oracle SNR performance, defined in (77?).

Figure 5.9 and 5.10 show the results of denoising using the optimal filter width s* that minimizes
the SNR for a given noisy observation.
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Figure 5.7: Denoising using a filter of increasing width s.
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Figure 5.8: Curves of SNR as a function of the filtering width in 1D (left) and 2D (right).

These optimal filtering appear quite noisy, and the optimal SNR choice is usually quite conser-
vative. Increasing the filter width introduces a strong blurring that deteriorates the SNR, although
it might look visually more pleasant.

5.2.3 Wiener Filter

If one has a random model both for the noise w ~ W and for for the signal fo ~ F, one can
derives an optimal filters in average over both the noise and the signal realizations. One further
assumes that w and fy are independent realization. The optimal A thus minimizes

Ew,r(lh* (F+ W)~ F|?)

If both F is wide-sense stationary, and W is a Gaussian white noise of variance o2, then the optimal
filer is known as the Wiener filter

F(w)P?
[P (w)[? + o

h(w) =

where |F|? is the power spectrum of F,

F(w) = C(w) where C[n]=E((F, F[-+n)])),
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Figure 5.10: Noisy image (left) and denoising (right) using the optimal filter width.

the Fourier transform of an infinite vector is defined in (2.6).
In practice, one rarely has such a random model for the signal, and interesting signals are often
not stationary. Most signals exhibit discontinuities, and are thus poorly restored with filtering.

5.3 Non-linear Denoising using Thresholding

5.3.1 Hard Thresholding

We consider an orthogonal basis {t,, }.,n of CV, for instance a discrete wavelet basis.
The noisy coefficients satisfy

<fa wm> = <f07 '¢m> + <w7 ¢m> (5.2)

Since a Gaussian white noise is invariant under an orthogonal transformation, (w, ¥,,) is also a
Gaussian white noise of variance o2. If the basis {¢,, }., is efficient to represent fy, then most
of the coefficients (fy, ¥,) are close to zero, and one observes a large set of small noisy coeffi-
cients, as shown on Figure 5.11. This idea of using thresholding estimator for denoising was first
systematically explored by Donoho and Jonhstone [13].

f (s ¥5n) St((f, ¥5n))

Figure 5.11: Denoising using thresholding of wavelet coefficients.

A thresholding estimator removes these small amplitude coefficients using a non-linear hard
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thresholding

F= D0 (f vm)bm=D_Sr({f, bm))¥m.
[(f, ¥m) [>T m

where Sp is defined in (4.4). This corresponds to the computation of the best M-term approxi-
mation f = fa of the noisy function f. Figure 5.11 shows that if 7' is well chose, this non-linear
estimator is able to remove most of the noise while maintaining sharp features, which was not the
case with linear filtering estimatiors.

Code 11 shows how to implement this thresholding for a 1D or 2D wavelet transform.

fw = perform_wavelet_transf (f, jO,+1);

fw = fw .+ (abs (fw)>T);

fl = perform_wavelet_transf (fw, jO,—1);

Matlab code 11: Denoising by hard thresholding. Input: noisy image £, coarse scale jO, threshold
T, output: denoised image £1.

5.3.2 Soft Thresholding

We recall that the hard thresholding operator is defined as

xz if |x|>T,
ST(z):s%(m):{ - ||x‘|<T. (5.3)

This thresholding performs a binary decision that might introduces artifacts. A less aggressive
nonlinearity is the soft thresholding

Sk(z) = max(1 — T/|z|,0)x. (5.4)

Figure 5.12 shows the 1D curves of these 1D non-linear mapping.

A S/l]l‘}ll"(l (l)

Figure 5.12: Hard and soft thresholding functions.

For ¢ = 0 and ¢ = 1, these thresholding defines two different estimators

FO=2 " SH{f, tom))m
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Figure 5.13: Curves of SNR with respect to T'/o for hard and soft thresholding.

Coarse scale management. The soft thresholded Sk introduces a bias since it diminishes the
value of large coefficients. For wavelet transforms, it tends to introduces unwanted low-frequencies
artifacts by modifying coarse scale coefficients. If the coarse scale is 270, one thus prefers not to
threshold the coarse approximation coefficients and use, for instance in 1D,

0
.fl = Z <fa ¢jo,n>¢jo,n + Z Z S’Zl"(<fa quo,ﬂ»wjo,n'

o<n<2-90 J=Jo 0<n<2—d

Code 12 implements this soft thresholding with coarse scale management.

fw = perform_wavelet_transf (f, jO,+1);
fwl = max(1—T./ (abs (fw)+1le—20), 0).*fw;
fwl(1:2790) = fw(1:27730);

fl = perform_wavelet_transf (fw, jO,—1);

Matlab code 12: Denoising by soft thresholding. Input: noisy image £, coarse scale jO, threshold
T, output: denoised image £1.

Empirical choice of the threshold. Figure 5.13 shows the evolution of the SNR with respect
to the threshold T for these two estimators, for a natural image fo. For the hard thresholding,
the best result is obtained around T & 3o, while for the soft thresholding, the optimal choice is
around T' = 30/2. These results also shows that numerically, for thresholding in orthogonal bases,
soft thresholding is slightly superior than hard thresholding on natural signals and images.

Although these are experimental conclusions, these results are robust across various natural
signals and images, and should be considered as good default parameters.

5.3.3 Minimax Optimality of Thresholding

Sparse coefficients estimation. To analyze the performance of the estimator, and gives an
estimate for the value of T, we first assumes that the coefficients

ao[m] = <f0, ’(/)m> S RN

are sparse, meaning that most of the ag[m] are zero, so that its £° norm

laolo = # {m \ ao[m] # 0}
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-21—.8dB 7
Figure 5.14: Comparison of hard (left) and soft (right) thresholding.
is small. As shown in (5.2), noisy coefficients
(f Ym) = alm] = ao[m] + z[m]

are perturbed with an additive Gaussian white noise of variance o. Figure 5.15 shows an example
of such a noisy sparse signal.

UL Ll Lkl
A0 AR

Figure 5.15: Left: sparse signal a, right: noisy signal.

e —

Universal threshold value. If

o |lao[m]]

is large enough, then || fo — f|] = |ao — Sr(a)| is minimum for
T~1ny= .
TV = max |zfm]

7n is a random variable that depends on N. One can show that its mean is o1/2log(N), and that
as N increases, its variance tends to zero and 7, is highly concentrated close to its mean. Figure
5.16 shows that this is indeed the case numerically.

Asymptotic minimax optimality. Donoho and Jonhstone [13] have shown that the universal
threshold T = o4/2log(N) is a good theoritical choice for the denoising of signals that are well
approximated in {¢,, }m. In particular, they show that if the non-linear approximation error in
this basis decays like

If = furl? = O(M ™),

then the denoising average error with hard and soft thresholding decays like
< 2a
Eu(Ifo = fI?) = O(o™+),

and that this decay rate with ¢ is in some sense optimal.

This universal threshold choice is however very conservative since it is guaranteed to remove
almost all the noise. In practice, as shown in Figure 5.14, better results are obtained on natural
signals and images by using T' = 30 and T = 30/2 for hard and soft thresholdings.
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Figure 5.16: Empirical estimation of the mean of Z,, (top) and standard deviation of Z, (bottom)
5.3.4 Translation Invariant Thresholding Estimators

Translation invariance. Let f — f = D(f) by a denoising method, and f,(z) = f(x — 7) be
a translated signal or image for 7 € R%, (d = 1 or d = 2). The denoising is said to be translation
invariant at precision A if

vreA, D(f)=D(fr)--

where A is a lattice of R%. The denser A is, the more translation invariant the method is. This
corresponds to the fact that D computes with the translation operator.
D
—
! D(f)
r¢ T_T

fr——>D(f;)

Imposing translation invariance for a fine enough set A is a natural constraint, since intuitively the
denoising results should not depend on the location of features in the signal or image. Otherwise,
some locations might be favored by the denoising process, which might result in visually unpleasant
denoising artifacts.

For denoising by thresholding

D(f) =Y Sr((f, ¥m))m.

then translation invariance is equivalent to asking that the basis {t,, }, is translation invariant at
precision A,
VYm, V7 €A, Im, I\ € C, (V)7 = Mpp

where |A\| = 1.

The Fourier basis is fully translation invariant for A = R over [0, 1]¢ with periodic boundary
conditions and the discrete Fourier basis is translation invariant for all interger translations A =
{0,...,No— 1}d where N = Ny is the number of points in 1D, and N = Ny x Ny is the number of
pixels in 2D.

Unfortunately, an orthogonal wavelet basis

{wm = wj,n}j,n

is not translation invariant both in the continuous setting or in the discrete setting. For instance,
in 1D,

(Yjrm)r & {Yjn} for 7=27/2.
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Cycle spinning. A simple way to turn a denoiser A into a translation invariant denoiser is to
average the result of translated images

D) = 157 3 D) (55)

TEA

One easily check that
VT e A, Dinv(f) = Dinv(fT)—T

To obtain a translation invariance up to the pixel precision for a data of N samples, one should
use a set of |A| = N translation vectors. To obtain a pixel precision invariance for wavelets, this
will result in O(N?) operations.

Figure 5.17 shows the result of applying cycle spinning to an orthogonal hard thresholding
denoising using wavelets, where we have used the following translation of the continuous wavelet
basis A = {0,1/N,2/N,3/N}?, which corresponds to discrete translation by {0,1,2,3}* on the
discretized image. The complexity of the denoising scheme is thus 16 wavelet transforms. The
translation invariance brings a very large SNR improvement, and significantly reduces the oscillat-
ing artifacts of orthogonal thresholding. This is because this artifacts pop-out at random locations
when 7 changes, so that the averaging process reduces significantly these artifacts.

Figure 5.18 shows that translation invariant hard thresholding does a slightly better job than
translation invariant soft thresholding. The situation is thus reversed with respect to thresholding
in an orthogonal wavelet basis. Code 13 implement this cycle spinning for a 2D wavelet threshold-
ing.

23.4dB

Figure 5.17: Comparison of wavelet orthogonal soft thresholding (left) and translation invariant
wavelet hard thresholding (right).

[dY,dX] = meshgrid(0:s—1,0:s—1);
f1 = £%0;
for i=1:m"2

fs = circshift (£, [dX (i) dY(i)]);

fw = perform_wavelet_transf (fs, j0,1);
fw = fw .x (abs(fw)>T);

fs = perform_wavelet_transf (fw, jO,—1);
fs = circshift (fs,—[dX (i) dY(i)1]1);

fl = (i—1)/ixfl + 1/ixfs;

end

Matlab code 13: Denoising by cycle spinning. Input: noisy image £, coarse scale jO, threshold
T, number of spins in each direction s, output: denoised image £1.

Translation invariant wavelet frame. An equivalent way to define a translation invariant
denoiser is to replace the orthogonal basis B = {¢,,,} by a redundant family of translated vectors

Biny = {<wm)7}m,T€A~ (56)
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Figure 5.18: Curve of SNR with respect to T /o for translation invariant thresholding.

One should be careful about the fact that Bj,, is not any more an orthogonal basis, but it still
enjoy a conservation of energy formula

|\f|\2=ﬁ S I, @n)o)2 and f=ﬁ S F, () o) ()

m,TEA m,TEA

This kind of redundant family are called tight frames.
One can then define a translation invariant thresholding denoising

D) = 0 S St(Ufs (om)e)) (o) (5.7)

|A| m,TEA

This denoising is the same as the cycle spinning denoising defined in (5.5).

The frame B;,, might contain up to |A||B| basis element. For a discrete basis of signal with N
samples, and a translation lattice of |A| = N vectors, it corresponds to up to N? elements in Bipy.
Hopefully, for a hierarchical basis such as a discrete orthogonal wavelet basis, one might have

(Ym)r = (WYme)rr for m#m’' and T #7,

so that the number of elements in Bi,, might be much smaller than N2. For instance, for an
orthogonal wavelet basis, one has
(Vjn)k2i = Vjnth

so that the number of basis elements is |Biny| = N logy(N) for a 2D basis, and 3N log,(N) for a
2D basis. The fast translation invariant wavelet transform, also called “a trou” wavelet transform,
computes all the inner products (f, (¢m)-) in O(Nlogy(N)) operations. Implementing formula
(5.7) is thus much faster than applying the cycle spinning (5.5) equivalent formulation.

Translation invariant wavelet coefficients are usually grouped by scales in logy(N) (for d = 1)
or by scales and orientations 3log,(NN) (for d = 2) sets of coefficients. For instance, for a 2D
translation invariant transform, one consider

Vne{0,...,27Ng —1}>, Vk €{0,....277}  d/[277n+ k] = (f, (¥jn)k2s)

where w € {V, H, D} is the orientation. Each set dy has N coefficients and is a band-pass filtered
version of the original image f, as shown on Figure 5.19.

Figure 5.20 shows how these set of coefficients are hard thresholded by the translation invariant
estimator.

5.3.5 Exotic Thresholdings

It is possible to devise many thresholding nonlinearities that interpolate between the hard and
soft thresholder. We present here two examples, but many more exist in the literature. Depending
on the statistical distribution of the wavelet coefficients of the coefficients of f in the basis, these
thresholders might produce slightly better results.
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Figure 5.19: Translation invariant wavelet coefficients.

Figure 5.20: Left: translation invariant wavelet coefficients, for j = —8,w = H, right: tresholded
coefficients.

Semi-soft thresholding. One can define a family of intermediate thresholder that depends on
a parameter p > 1

0 if |z|<T
S9(x) =g (x) where g,(z)=< z if |z[>pT
-0 |z|-T

sign(z) ;- otherwise.

One thus recovers the hard thresholding as S and the soft thresholding as S+. Figure 5.21 display
an example of such a non-linearity.

Figure 5.22 shows that a well chosen value of y might actually improves over both hard and
soft thresholders. The improvement is however hardly noticeable visually.

Stein thresholding. The Stein thresholding is defined using a quadratic attenuation of large
coefficients

: T2
Stein (1) = max (1 LR 0) x.

This should be compared with the linear attenuation of the soft thresholding

S1(x) = max <1 - |%|,0> x.
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Figure 5.21: Left: semi-soft thresholder, right: Stein thresholder.

' SNR|

2 4 6 8 0 12

Figure 5.22: Left: image of SNR with respect to the parameters u and T/o, right: curve of SNR
with respect to p using the best T'/o for each p.

The advantage of the Stein thresholder with respect to the soft thresholding is that
|SStein(z) — x| - 0  whereas |Sh(z) — 2| — T,

where x — +o00. This means that Stein thresholding does not suffer from the bias of soft thresh-
olding.

For translation invariant thresholding, Stein and hard thresholding perform similarly on natural
images.

5.3.6 Block Thresholding

The non-linear thresholding method presented in the previous section are diagonal estimators,
since they operate a coefficient-by-coefficient attenuation

F=3" A% b)) fs ) tom

where
max(1 — 2%/T2,0) for ¢ = Stein
Al (z) = ¢ max(l— |z|/T,0) for ¢=1 (soft)
Ligjs7 for ¢ =0 (hard)

Block thresholding takes advantage of the statistical dependancy of wavelet coefficients, by com-
puting the attenuation factor on block of coefficients. This is especially efficient for natural images,
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Figure 5.23: SNR curves with respect to T'/o for Stein threhsolding.

where edges and geometric features create clusters of high magnitude coefficients. Block decisions
also help to remove artifacts due to isolated noisy large coefficients in regular areas.
The set of coefficients is divided into disjoint blocks, and for instance for 2D wavelet coefficients

{(.7’ n, W)}j,n,w = UBk»
k

where each By, is a square of s X s coefficients, where the block size s is a parameter of the method.
Figure 5.24 shows an example of such a block.
The block energy is defined as

By, :Slz Z |<fﬂ wm>|27

me By
and the block thresholding
F=" 8% f, hm))tom
m

makes use of the same attenuation for all coefficients within a block

Vm € By, Sp°U(f, ¥m) = AL(ER){f, ).

for ¢ € {0,1,stein}. Figure 5.24 shows the effect of this block attenuation, and the corresponding
denoising result.

Figure 5.24: Left: wavelet coefficients, center: block thresholded coefficients, right: denoised image.

Figure 5.25, left, compares the three block thresholding obtained for ¢ € {0,1,stein}. Nu-
merically, on natural images, Stein block thresholding gives the best results. Figure 5.25, right,
compares the block size for the Stein block thresholder. Numerically, for a broad range of images,
a value of s = 4 works well.
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Figure 5.25: Curve of SNR with respect to T /o (left) and comparison of SNR for different block
size (right).

Figure 5.26 shows a visual comparison of the denoising results. Block stein thresholding of
orthogonal wavelet coeflicients gives a result nearly as good as a translation invariant wavelet hard
thresholding, with a faster algorithm. The block thresholding strategy can also be applied to
wavelet coefficients in translation invariant tight frame, which produces the best results among all
denoisers detailed in this book.

Code 14 implement this block thresholding.

SNR=23.4dB 22.8dB

Figure 5.26: Left: translation invariant wavelet hard thresholding, center: block orthogonal Stein
thresholding, right: block translation invariant Stein thresholding.

One should be aware that more advanced denoisers use complicated statistical models that
improves over the methods proposed in this book, see for instance [23].

5.4 Data-dependant Noises

For many imaging devices, the variance of the noise that perturbs fy[n] depends on the value
of fo[n]. This is a major departure from the additive noise formation model considered so far. We
present here two popular examples of such non-additive models.

5.4.1 Poisson Noise

Many imaging devices sample an image through a photons counting operation. This is for
instance the case in digital camera, confocal microscopy, TEP and SPECT tomography.
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n = size(f,1);
fw = perform_wavelet_transf (f, jO,+1);

[dX,dY,X,Y] = ndgrid(0:s—1,0:s—1,1:s:n—s+1,1l:s:n—s+1);
I = X+dX + (Y+d¥Y—1)*n;

H = reshape (fw(I(:)),size(I));

v mean (mean (abs (H) .*2,1),2);

repmat ( max3 (v, le—15), [w w]);

v
HT = max3(1—-T"2*«v.”(—1),0) .= H;
fw(I(:)) = HT(:);

fl = perform_wavelet_transf (fw, jO,—1);

Matlab code 14: Denoising by Stein block thresholding. Input: noisy image £, coarse scale jO,
threshold T, size s of the blocks, output: denoised image £1.

Poisson model. The uncertainty of the measurements for a quantized unknown image fy[n] € N
is then modeled using a Poisson noise distribution

fln] ~P(A\) where \= fy[n] €N,
and where the Poisson distribution P()) is defined as

ke—A
B(fln) = k) = 2o

and thus varies from pixel to pixel. Figure 5.27 shows examples of Poisson distributions.

—2
— =10
1S —)=20
0.1
0.05

10 20 30 40 50

Figure 5.27: Poisson distributions for various .

One has
E(f[n]) = A= foln] and Var(f[n]) = A = fo[n]

so that the denoising corresponds to estimating the mean of a random vector from a single observa-
tion, but the variance now depends on the pixel intensity. This shows that the noise level increase
with the intensity of the pixel (more photons are coming to the sensor) but the relative variation
(fIn] = foln])/ foln] tends to zero in expectation when fy[n] increases.

Figure 5.28 shows examples of a clean image fy quantized using different values of Apax and
perturbed with the Poisson noise model.

Variance stabilization. Applying thresholding estimator

D(f) =Y ST, Ym))tom
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Amax =95 /\max =50 )\max =100

Figure 5.28: Noisy image with Poisson noise model, for various Amax = max, fo[n].

to f might give poor results since the noise level fluctuates from point to point, and thus a single
threshold T might not be able to capture these variations. A simple way to improve the thresholding
results is to first apply a variance stabilization non-linearity ¢ : R — R to the image, so that ¢(f)
is as close as possible to an additive Gaussian white noise model

o(f) = o(fo) +w (5.8)

where wln] ~ N(0,0) is a Gaussian white noise of fixed variance o2.

Perfect stabilization is impossible, so that (5.8) only approximately holds for a limited intensity
range of fo[n]. Two popular variation stabilization functions for Poisson noise are the Anscombe

mapping
d(x) =2/ +3/8

and the mapping of Freeman and Tukey

d(x) =Vr+1+x

Figure 5.29 shows the effect of these variance stabilizations on the variance of ¢(f).

Anscombe|

Freeman & Tukey |

L L L L L L L L
1 2 3 4 5 6 7 8 9 10

Figure 5.29: Comparison of variariance stabilization: display of Var(¢(f[n])) as a function of fo[n].

A variance stabilized denoiser is defined as

AP f) = 671D SES(F), Yom))tom)

m

where ¢! is the inverse mapping of ¢.
Figure 5.30 shows that for moderate intensity range, variance stabilization improves over non-
stabilized denoising.

5.5 Multiplicative Noise

Multiplicative image formation. A multiplicative noise model assumes that

fIn] = foln]w[n]



5.5. MULTIPLICATIVE NOISE 85

Figure 5.30: Left: noisy image, center: denoising without variance stabilization, right: denoising
after variance stabilization.

where w is a realization of a random vector with E(w) = 1. Once again, the noise level depends
on the pixel value

E(f[n]) = foln] and Var(f[n]) = fo[n]?0c® where o? = Var(w).

Such a mutiplicative noise is a good model for SAR satellite imaging, where f is obtained by
averaging S images
O<s <K, £l = folnlu® n] + 1 Oln)

where 7(*) is a Gaussian white noise, and w(®) [n] is distributed according to a one-sided exponential
distribution
Pw®[n] = ) x e L5o.

For K large enough, averaging the images cancels the additive noise and one obtains

Il = 2 3" 1l = folnuln]

where w is distributed according to a Gamma distribution

wNF(azK_%,uzl) where P(w = x) oc 2%~ te K2

?

One should note that increasing the value of K reduces the overall noise level.

Figure 5.31: Noisy images with multiplicative noise, with varying o.

Figure ?? shows an example of such image formation for a varying number K = 1/0? of
averaged images.
A simple variance stabilization transform is

¢(z) = log(x) — ¢

where
¢ = E(log(w)) = ¢(K) — log(K) where ¢(z)=1"(z)/T'(x)
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and where I' is the Gamma function that generalizes the factorial function to non-integer. One
thus has
o(f)ln] = ¢(fo)ln] + 2[nl,

where z[n] = log(w) — ¢ is a zero-mean additive noise.

m
[ 05 1 15 2 25 -15 -1 -0.5 0 05 1 15

Figure 5.32: Histogram of multiplicative noise before (left) and after (right) stabilization.

Figure 5.32 shows the effect of this variance stabilization on the repartition of w and z.
Figure 5.33 shows that for moderate noise level o, variance stabilization improves over non-
stabilized denoising.

Figure 5.33: Left: noisy image, center: denoising without variance stabilization, right: denoising
after variance stabilization.



Chapter 6

Denoising with Variational
Minimization

To solve denoising and more general inverse problems, variational methods consider a prior J
that assigns a score J(f) to each signal or image f. In this Section, we focus in particular on
images, d = 2, and the proposed variational priors are easily extended to arbitrary dimensions.

6.1 Sobolev and Total Variation Priors

The simplest prior are obtained by integrating local differential quantity over the image. They
corresponds to norms in functional spaces that imposes some smoothness on the signal of the
image. We detail here the Sobolev and the total variation priors, that are the most popular in
image processing.

6.1.1 Continuous Priors

In the following, we consider either continuous functions f € L?([0,1]?) or discrete vectors
f € RY, and consider continuous priors and there discrete counterparts in Section 6.1.2.

Sobolev prior. The prior energy J(f) € R is intended to be low for images in a class f € ©. The
class of uniformly smooth functions detailed in Section 4.2.1 corresponds to functions in Sobolev
spaces. A simple prior derived from this Sobolev class is thus

Toon() = 51T = 5 [ 19 (@), (61)

where V f is the gradient in the sense of distributions.

Total variation prior. To take into account discontinuities in images, one considers a total
variation energy, introduced in Section 4.2.3. It was introduced for image denoising by Rudin,
Osher and Fatemi [25]

The total variation of a smooth image f is defined as

Jrv(f) = | flry = / IV, fldz. (6.2)

This energy extends to non-smooth functions of bounded variations f € BV([0,1]?). This class
contains indicators functions f = 1q of sets  with a bounded perimeter |0€|.

The total variation norm can be computed alternatively using the co-area formula (4.12), which
shows in particular that |1q|rv = |09).

87
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6.1.2 Discrete Priors

An analog image f € L2([0,1]?) is discretized through an acquisition device to obtain a discrete
image f € RY. Image processing algorithms work on these discrete data, and we thus need to
define discrete priors for finite dimensional images.

Discrete gradient. Discrete Sobolev and total variation priors are obtained by computing finite
differences approximations of derivatives, using for instance forward differences

01 fln1,no] = fln1 + 1,nz] — fln1,na]
dafn1,na] = flni,ne + 1] — flny, nal,

and one can use higher order schemes to process more precisely smooth functions. One should be
careful with boundary conditions, and we consider here for simplicity periodic boundary conditions,
which correspond to computing the indexes n; +1 modulo N. More advanced symmetric boundary
conditions can be used as well to avoid boundary artifacts.

A discrete gradient is defined as

Vf[n] = (61fIn], 82f[n]) € R?
which corresponds to a mapping from images to vector fields
VRN — RV*2,

Figure 6.1 shows examples of gradient vectors. They point in the direction of the largest slope of
the function discretized by f. Figure 6.2 shows gradients and their norms displayed as an image.
Regions of high gradients correspond to large intensity variations, and thus typically to edges or
textures.

Figure 6.1: Discrete gradient vectors.

Discrete divergence. One can also use backward differences,
01 f[n1,ma] = fln1,na] — flna — 1,m0]
d2f[n1,n2] = fln1,na] — fln1,na —1].

They are dual to the forward differences, so that

which means that ~
vaQERNa <5if7 g>:_<f7 6zg>v

which is a discrete version of the integration by part formula

/Olf’g=—/01fg’
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for smooth periodic functions on [0, 1]
A divergence operator is defined using backward differences,

div(v)[n] = 6101[n] + dava[n],
and corresponds to a mapping from vector fields to images
div : RV*2 L RV,
It is related to the dual of the gradient
div=-V*
which means that
VieRY, Vo e RN *2 (Vf v)pnwe = —(f, div(v))g~

which corresponds to a discrete version of the divergence theorem.

vf V£l

Figure 6.2: Discrete operators.

Discrete laplacian. A general definition of a Laplacian is
Af=div(Vf),

which corresponds to a semi-definite negative operator.
For discrete images, and using the previously defined gradient and divergence, it is a local high
pass filter
Affn)= Y flpl - 4f[nl, (6.3)

p€Va(n)

that approximates the continuous second order derivative
0% f o f

W(:}:) + 92 N2Af[n] for x=n/N.
1 2

Lapalacian operators thus correspond to filterings. A continuous Laplacian is equivalently
defined over the Fourier domain in diagonal form as

g=Af = §w)=]wl*fw)

and the discrete Laplacian (6.3) as

g=Af = §lw]=pl)?fw) where plw]®=sin (%wlf + sin (%wg)Q . (6.4)
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Discrete energies. A discrete Sobolev energy is obtained by using the £2 norm of the discrete
gradient vector field

Jsoblf) = 5 Y11l + @aflnl)? = 19 1P, (65)

n

Similarly, a discrete TV energy is defined as the ¢! norm of the gradient field

Jrv(f) =Y V(61f[n])? + (G2f )2 = [V £l (6.6)

where the ¢! norm of a vector field v € RV*2 is

[ols = lvln]] (6.7)

where v[n] € R2.

6.2 PDE and Energy Minimization

Image smoothing is obtained by minimizing the prior using a gradient descent.

6.2.1 General Flows

The gradient of the prior J : RY — R is a vector grad J(f). It describes locally up to the first
order the variation of the prior

J(f +e) = J(f) + (e, grad J (f)) + o(le[?).

If J is a smooth function of the image f, a discrete energy minimization is obtained through a

gradient descent
f(’f‘H) = f(k') — 7 grad J(f(k)), (6.8)

where the step size 7 must be small enough to guarantee convergence.
For infinitesimal step size 7, one replaces the discrete parameter k by a continuous time, and
the flow
t>0—— f € RY

solves the following partial differential equation

% =—grad J(f:) and fo=f. (6.9)

The gradient descent can be seen as an explicit discretization in time of this PDE at times t; = k7.

6.2.2 Heat Flow

The heat flow corresponds to the instantiation of the generic PDE (6.9) to the case of the
Sobolev energies Jgob(f) defined for continuous function in (6.1) and for discrete images in (6.5).
Since it is a quadratic energy, its gradient is easily computed

TU +6) = 195 + Vel? = J(f) ~ (Af, &) +ollel?),

so that
grad Json (f) = —Af.

Figure 6.4, left, shows an example of Laplacian. It is typically large (positive or negative) near
edges.
The heat flow is thus

of:

2L (@) = ~(rad J(f))(@) = Afyla) and fo = f. (6.10)
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Figure 6.3: Display of f; for increasing time t for heat flow (top row) and TV flow (bottom row).

div(vf) div(Vf/|V£])

Figure 6.4: Discrete Laplacian and discrete TV gradient.

Continous in space. For continuous images and an unbounded domain R?, the PDE (6.10) has
an explicit solution as a convolution with a Gaussian kernel of increasing variance as time increases

1 w2
fi=/f*h; where h(z)=-—e" (il (6.11)

This shows the regularizing property of the heat flow, that operates a blurring to make the image
more regular as time evolves.

Discrete in space. The discrete Sobolev energy (6.5) minimization defined a PDE flow that is
discrete in space
or

1) = (grad 1(7)ln) = ARl
It can be further discretized in time as done in (6.8) and leads to a fully discrete flow
) = f O]+ (3 flpl - 4fn]) = Fxh
pEVa(n)
where Vy(n) are the four neighbor to a pixel n. The flow thus corresponds to iterative convolutions
f®) = fxhw...xh=f+"h.

where h is a discrete filter.
It can be shown to be stable and convergent if 7 < 1/4.
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6.2.3 Total Variation Flows

Total variation gradient. The total variation energy Jrv, both continuous (6.2) and discrete
(6.6) is not a smooth function of the image. For instance, the discrete Jrv is non-differentiable at
an image f such that there exists a pixel n where V f[n] = 0.

If Vf[n] # 0, one can compute the gradient of the TV energy specialized at pixel n as

\2i
(arad 7)) = v (5 )
VAl
which exhibits a division by zero singularity for a point with vanishing gradient. Figure 6.4 shows
an example of TV gradient, which appears noisy in smooth areas, because |V f[n]| is small in such
regions.
This non-differentiabilty makes impossible the definition of a gradient descent and a TV flow.

Regularized total variation. To avoid this issue, one can modify the TV energy, and define a
smoothed TV prior

Jiv(f) = VETIVIm]P (6.12)

where € > 0 is a small regularization parameter. Figure 6.5 shows this effect of this regularization
on the absolute value function.

e=0.1 e =10.01

Figure 6.5: Regularized absolute value x — /22 + £2.

This smoothed TV energy is a differentiable function of the image, and its gradient is
Vf
grad Jiy (f) = —div | — | . 6.13
S (/) S (6.13)
One can see that this smoothing interpolate between TV and Sobolev, as
grad}; ~ —A/e when & — +o0.

Figure 6.6 shows the evolution of this gradient for several value of the smoothing parameter.

Regularized total variation flow. The smoothed total variation flow is then defined as

%— iv 7vft
o~ ( 62+||Vft|2>' .

Choosing a small € makes the flow closer to a minimization of the total variation, but makes the
computation unstable.

In practice, the flow is computed with a discrete gradient descent (6.8). For the smoothed total
variation flow to converge, one needs to impose that 7 < £/4, which shows that being more faithful
to the TV energy requires smaller time steps and thus slower algorithms.
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e =10.01 e=20.05 e=0.1

Figure 6.6: Regularized gradient norm \/|V f(x)|? + €2.

Figure 6.3 shows a comparison between the heat flow and the total variation flow for a small
value of €. This shows that the TV flow smooth less the edges than heat diffusion, which is
consistent with the ability of the TV energy to better characterize sharp edges.

Table 15 details the implementation of this smoothed TV flow.

$ step size
tau = epsilon/5;

$ number of iterations to reach T.
niter = round(T/tau);
$ initial solution for time t=0.
ftv = £;
for i=l:niter
% gradient and norm of gradient
Gr = grad(ftv); d = sqgrt(sum3(Gr."2,3));
G = —div( Gr ./ repmat( sgrt( epsilon”2 + d.”2 ) , [1 1 21) );
$ descent step

ftv = ftv — tauxG;
end

Matlab code 15: Smoothed total variation flow, computed by gradient descent. The input is the
image £, the output is £tv, and approzimation of the solution fr of the smoothed TV flow (6.14) at
time t =T. The regularization parameter € is stored in epsilon.

6.2.4 PDE Flows for Denoising

PDE flows can be used to remove noise from an observation f = fy + w. As detailed in
Section 5.1.2 a simple noise model assumes that each pixel is corrupted with a Gaussian noise
w[n] ~ N(0,0), and that these perturbations are independent (white noise).

The denoising is obtained using the PDE flow within initial image f at time ¢t =0

of:

ot
An estimator f = ft, is obtained for a well chose t = ty. Figure 6.7 shows examples of Sobolev
and TV flows for denoising.

Since f; converges to a constant image when t — 400, the choice of ¢y corresponds to a tradeoff
between removing enough noise and not smoothing too much the edges in the image. This is
usually a difficult task. During simulation, if one has access to the clean image fy, one can monitor
the denoising error | fo — f¢| and choose the ¢ = ¢y that minimizes this error. Figure 6.10, top row,
shows an example of this oracle estimation of the best stopping time.

= —grad; J and fi—0=f.

6.3 Sparsity Priors

6.3.1 Ideal sparsity prior.

As detailed in Chapter 4, it is possible to use an orthogonal basis B = {t¢, }m to efficiently
approximate an image f in a given class f € © with a few atoms from B.
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Figure 6.7: Denoising using f; displayed for various time t for Sobolev (top) and TV (bottom)
flows.

To measure the complexity of an approximation with B, we consider the £° prior, which counts
the number of non-zero coefficients in B

Jo(f) = #{m \ {f, ¥m) # 0} = |alo  where a[m] = (f, ).

We have introduced the ¢° pseudo-norm |afo, which we treat here as an ideal sparsity measure for
the coeflicients a of f in B.

Natural images are not exactly composed of a few atoms, but they can be well approximated by
a function fj; with a small ideal sparsity M = Jy(f). In particular, the best M-term approximation
defined in (4.3) is defined by

fu= > (f Ym)m where M =#{m\ [(f, ¥m)|>T}.
[(f, ¥m)|>T

As detailed in Section 4.2, discontinuous images with bounded variation have a fast decay of the
approximation error |f — fas|. Natural images f are well approximated by images with a small
value of the ideal sparsity prior Jy.

Figure 6.8 shows an examples of decomposition of a natural image in a wavelet basis, ¥, = ¢7,
m = (j,n,w). This shows that most (f, ¥,,) are small, and hence the decomposition is quite sparse.

Image f Coefficients (f, 1)

Figure 6.8: Wawvelet coefficients of natural images are relatively sparse.
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6.3.2 Convex relaxation

Unfortunately, the ideal sparsity prior Jy is difficult to handle numerically because Jo(f) is not
a convex function of f. For instance, if f and g have non-intersecting supports of there coefficients
in B, then Jo((f + 9)/2) = Jo(f) + Jo(g), which shows the highly non-convex behavior of Jy.

This ideal sparsity Jy is thus not amenable to minimization, which is an issue to solve general
inverse problems considered in Section 7.

We consider a family of ¢¢ priors for ¢ > 0, intended to approximate the ideal prior Jy

T = S ).

As shown in Figure 6.9, the unit balls in R? associated to these priors are shrinking toward the
axes, which corresponds to the unit ball for the /° pseudo norm. In some sense, the .J, priors are
becoming closer to Jy as ¢ tends to zero, and thus J; favors sparsity for small q.

1 A A A
> -— —> - > - > - >
Yo
0 ¢g=05 g=1 q:'1.5 q:|2

Figure 6.9: ¢9 balls {x \ Jy(z) < 1} for varying q.

A

q:

The prior J; is convex if and only if ¢ > 1. To reach the highest degree of sparsity while using
a convex prior, we consider the ¢! sparsity prior .J;, which is thus defined as

T = 1 )l =D 1S )l (6.15)

In the following, we consider discrete orthogonal bases B = {¢, T]x;é of RV,

6.4 Regularization for Denoising

Instead of performing a gradient descent flow for denoising as detailed in Section 6.2.4 and select
a stopping time, one can formulate an optimization problem. The estimator is then defined as a
solution of this optimization. This setup has the advantage as being well defined mathematically
even for non-smooth priors such as the TV prior Jpy or the sparsity prior J;. Furthermore, this
regularization framework is also useful to solve general inverse problems as detailed in Chapter 7.

6.4.1 Regularization

Given some noisy image f = fo + w of N pixels and a prior J, we consider the convex opti-
mization problem
f3 € argmin <1 — gI? + M (g), (6.16)
geERN 2
where A > 0 is a Lagrange multiplier parameter that weights the influence of the data fitting term
If — g|? and the regularization term J(g).

If one has at his disposal a clean original image fy, one can minimize the denoising error
7% — fol, but it is rarely the case. In practice, this parameter should be adapted to the noise level
and to the regularity of the unknown image fy, which might be a non trivial task.

We note that since we did not impose J to be convex, the problem (6.16) might have several
optimal solutions.
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Sobolev reg TV reg TT wavelets

Figure 6.10: Denoising using PDE flows and regularization.

An estimator is thus defined as

for a well chosen A.
If J is differentiable and convex, one can compute the solution of (6.16) through a gradient
descent

FOHD ) _ o (f<k) — Agrad J(f(k)) (6.17)

where the descent step size 7 > 0 should be small enough. This gradient descent is similar to the
time-discretized minimization flow (6.8), excepted that the data fitting term prevent the flow to
converge to a constant image.

Unfortunately, priors such as the total variation Jpy or the sparsity J; are non-differentiable.
Some priors such as the ideal sparsity Jy might even be non-convex. This makes the simple gradient
descent not usable to solve for (6.16). In the following Section we show how to compute f} for
several priors.

6.4.2 Sobolev Regularization

The discrete Sobolev prior defined in (6.5) is differentiable, and the gradient descent (6.17)
reads

FED = (1 =) f® 7 f —AAT(fP.

Since J(f) = [V f|? is quadratic, one can use a conjugate gradient descent, which converges faster.
The solution f} can be computed in closed form as the solution of a linear system

fX=1dy — AA) 1,

which shows that the regularization (6.16) is computing an estimator that depends linearly on the
observations f.
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Figure 6.11: SNR as a function of time t for flows (top) and X\ for reqularization (bottom,).

If the differential operators are computed with periodic boundary conditions, this linear system
can be solved exactly over the Fourier domain

. 1 .
Rl = Wf[w] (6.18)
where p,, depends on the discretization of the Laplacian, see for instance (6.4).

Equation (7.17) shows that denoising using Sobolev regularization corresponds to a low pass
filtering, whose strength is controlled by A. This should be related to the solution (6.11) of the heat
equation, which also corresponds to a filtering, but using a Gaussian low pass kernel parameterized
by its variance t2.

This Sobolev regularization denoising is a particular case of the linear estimator considered in
Section 5.2. The selection of the parameter A is related to the selection of an optimal filter as
considered in Section 5.2.2, but with the restriction that the filter is computed in a parametric
family.

6.4.3 TV Regularization

The total variation prior Jrv defined in (6.6) is non-differentiable. Omne can either use a
smoothed approximation of the prior, or use an optimization algorithm not based on a gradient
descent.

Smoothed TV. The TV prior can be approximated to obtain the prior J5,(g) defined in (6.12),
which is differentiable with respect to g. Using the gradient of this prior defined in (6.13), one
obtains the following instantiation of the gradient descent (6.17)

. V/
FED =1 —7)f® 4 7f + Ardiv (82—&—||tVft||2> . (6.19)

which converge to the unique minimizer f3 of (6.16).
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Chambolle’s algorithm. Chambolle in [5] detail an algorithm to minimize exactly the TV
denoising problem

* : 1
J = argmin 5| f — g + Alglrv- (6.20)
gERN

It uses a relationship between the vectorial ! and ¢*° norms

N-1
ol = 3" lelmll and fole = max, o[ml]
m=0
where each v[m] € R? and v € RV*2, One has
[oly = max (w, u)

lwles <1

which allows one to re-write the optimization (6.20) as

1 2
min max —|f— Mw, Vg).
Jnin . max 51 = al” + Mw, Vg)

Exchanging the roles of the min and the max, one proves that the solution of (6.20) is re-written
as

fx=f+Adiv(w®) (6.21)
where
w* € argmin |f + A div(w*)|* (6.22)
lwloo <1

The convex optimization problem (6.22) computes a dual vector field w* € RV*2, from which the
denoised image is recovered using (6.21).

The dual problem (6.22) is the minimization of a quadratic functional subject to a convex £
constraint. It can thus be solved using for instance a projected gradient descent

(k1) w®) [m] (k) _ (k) )
w [m] = ~ where @' = w'™ +7V(f /X + div(w'™)).
max(|w®) [m]], 1)

If the gradient step size satisfy 0 < 7 < 1/4, one can prove that

f4+ Mdiv(w®) — ff when k — 4oo0.

G = zeros(n,n,2);
for i=l:niter

dG = grad( div(G) — f/lambda );
G = G + tauxdG;
d = repmat ( sgrt(sum(G.”2,3)), [1 1 2] );
G =G ./ max(d,ones(n,n,2));
end

ftv = f—lambda*div (G);

Matlab code 16: Total variation regularization computed using Chambolle’s algorithm. The input
is the noisy image £, the output is £tv, the solution f of (6.20). The regularization parameter X
1s stored in lambda.




6.4. REGULARIZATION FOR DENOISING 99

6.4.4 Sparse Regularization and Thresholding

Given some orthogonal basis {ty, },n of RY, the denoising by regularization (6.16) is written
using the sparsity Jy and J; as

1
FRq = avgmin S| f = gI* + Ay (f)
geRN

for g =0 or ¢ = 1. It can be re-written in the orthogonal basis as

Fra =D @ g[mlvm

@}, = argmin 3 lalm] — bim]> + A, (bm])
where a[m] = (f, ¥,,), and with

0 if =0,
1 otherwise.

é1(z) = |z| and ¢o(z) = {

Each coefficients of the denoised image is the solution of

a

olm] = axgmin L jafm] — 57 + Aéy(9)

a€ER

and one can shows that this optimization is solved exactly in closed form using thresholding

T =2\ for ¢=0,

T=X for ¢g=1, (6.23)

a3, q[m] = Sh(alm])  where {
where S is the hard thresholding introduced in (5.3), and St is the soft thresholding introduced
in (5.4).
One thus has
Frg =D 83, Ym))om.

As detailed in Section 5.3, these denoising methods has the advantage that the threshold is simple to
set for Gaussian white noise w of variance o2, Theoritical values indicated that T' = /2log(N)o
is asymptotically optimal, see Section 5.3.3. In practice, one should choose T =~ 3¢ for hard
thresholding (¢° regularization), and T ~ 30 /2 for soft thresholding (¢! regularization), see Figure
5.14.
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Chapter 7

Inverse problems

7.1 Inverse Problems Regularization

Increasing the resolution of signals and images requires to solve an ill posed inverse problem.
This corresponds to inverting a linear measurement operator that reduces the resolution of the
image. This chapter makes use of convex regularization introduced in Chapter 6 to stabilize this
inverse problem.

7.1.1 Inverse Problem in Imaging

Solving a discrete inverse problems corresponds to recovering a high resolution signal or image
fo € RN from a small number of P noisy measurements

y:q)fo-i-wERP.

Since P < N, the linear operator ® : RY — R is not invertible, and has a large kernel of
dimension N — P.

The difficulty of this inversion is further increased by the addition of some measurement noise
w € RP. The simplest noise model assume that w is a Gaussian white noise of variance o2, see

Section 5.1.2.

Denoising. The case of the identity operator ® = Idy, P = N corresponds to the classical
denoising problem, already treated in Chapters 5 and 6.

For a general operator ®, the recovery of f; is more challenging, and this requires to perform
both an inversion and a denoising. For many problem, this two goals are in contradiction, since
usually inverting the operator increases the noise level.

De-blurring. This is for instance the case for the deblurring problem, where ® is a translation
invariant operator, that corresponds to a low pass filtering with some kernel h
Of = fxh. (7.1)
In this case N = P, and this operator is invertible if
Vw, hlw] #0,
and applying the inverse filter over the Fourier domain computes f+ € RY defined as
Frwl = glwl/hlw] = folw] + dlw]/Alw]. (7.2)

For low pass filter, the Fourier transform h[w] is small for high frequency, and the estimation f*
is bad because of high frequency explosion of the noise.

This shows the necessity to replace the brute force inversion (7.2) by a more gentle regulariza-
tion. Doing so performs a denoising that reduces the performance of the inversion but is mandatory
to avoid the noise explosion at high frequencies.

101
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Super-resolution. Super-resolution corresponds to an even more ill-posed inverse problem,
where the acquisition blur is followed by a coarse sub-sampling

Of =fxh |k, where (ali)[n]=a[nk] (7.3)

so that P = N/k? where d is the dimension of the data (d = 2 for images). Figure 7.1, middle,
shows an example of a low resolution image ® f.

Inverting the operator defined in (7.3) has important industrial application to upsample the
content of digital photos and to compute high definition videos from low definition videos.

Inpainting. Inpainting corresponds to interpolating missing pixels in an image. This is modeled
by a diagonal operator over the spacial domain

enw={ 5.1 1550 (74)

where Q C {0,..., N — 1} is a set of missing pixels, and P = N — |Q)|. Figure 7.1, right, shows an

example of damaged image @ fj.
-

Original f Low resolution & fj Masked @ fy

‘;. >

Figure 7.1: Example of inverse problem operators.

7.1.2 Inverse Problem Regularization

The ill-posed problem of recovering an approximation of the high resolution image fo € RV
from noisy measures y € R is regularized by solving a convex optimization problem

1
fr€argmin —[y— >+ AJ(f) (7.5)
ferN 2

where |y — ®f||? is the data fitting term and J(f) is a convex prior.

The Lagrange multiplier A weights the importance of these two terms, and is in practice difficult
to set. Simulation can be performed on high resolution signal fy to calibrate the multiplier by
minimizing the super-resolution error | fo— f |, but this is usually difficult to do on real life problems.

In the case where there is no noise, ¢ = 0, the Lagrange multiplier A should be set as small
as possible. In the limit where A\ — 0, the unconstrained optimization problem (7.5) becomes a
constrained optimization

f*= argmin J(f). (7.6)
FERN @ f=y

7.1.3 L? regularization

The simplest prior, that avoids the exposition of the noise during the inversion, is the #? norm

J() = SlIP
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that ensures that the recovered signal or image has a bounded energy.
In the noise-free setting, one obtains the pseudo inverse operator that compute the solution f*

f* = argmin [f|* = &ty where & = &*(®d*)"L. (7.7)
k)

f=y

It corresponds to inverting the operator on the complementary of its kernel.
For noisy measures, on performs a quadratic regularization

f* = argmin Jy — ®f|* + A| |
fERN

whose closed form solution is obtained by solving a regularized (non-singular) linear system

f* = (®*® + Mdy) 1 d*y. (7.8)

7.1.4 Sobolev Regularization

The discrete Sobolev prior introduced in (6.5) regularizes the inverse by computing a linear
denoising. This corresponds to minimizing

f* € argmin |y — @f* + AV f|*.
FERN

The solution depends linearly on the data
f*=(*® — AA) D%y, (7.9)

and the parameter A controls the amount of denoising.

The solutions of (7.8) and (7.9) depend linearly on the measures y, and can be computed
numerically using a conjugate gradient descent. For convolution operator, the solution can be
computed directly over the Fourier domain, see Section 7.2.1.

7.1.5 Total Variation Regularization

Exact total variation. The discrete total variation prior Jpy(f) defined in (6.6) is a convex
but non differentiable function of the image f, so that the regularization problem (7.5)

* 1
fre arginin Sly = fI*+ A IV (7.10)
ERN n

cannot be solved using a gradient descent. Section 7.1.7 details a class of algorithm that can solve
(7.5) for both TV and sparse regularization. We note that since (7.5) is not a strictly convex, the
minimizer is not unique in general.

Smoothed total variation. One can use the smoothed total variation prior Jt, for some small
parameter ¢ > 0 and solve (7.5) using a gradient descent that generalize (6.19) for inverse problems

FOFD = ) _ 2 (@R — ) + Ardiv <vft>

VeR+ [V

that converges to f* that minimizes (7.5) if

0<7<(|J&*®| +4/e)"L.
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7.1.6 Sparse Regularization

Sparse ¢! regularization in an orthogonal basis {1, }m of RY makes use of the .J; prior defined
in (6.15), so that the inversion is obtained by solving the following convex program

1
J* € argmin Sly = @ P + XD {f, Ym)l. (7.11)
FERN m

This corresponds to the basis pursuit denoising for sparse approximation introduced by Chen,
Donoho and Saunders in [6]. The resolution of (7.11) can be perform using an iterative thresholding
algorithm as detailed in Section 7.1.7.

For noiseless measurements y = ® fp, one solves a constraint basis pursuit problem

fre aggfrilin ;I(ﬁ Ym)|.

This can be recasted as a convex linear program, which can in turn by solved by various solver
such as simplex, interior points, or Douglas-Rachford iterations.

. W* . 2 . @*
min |9 7], min |f] min |9 f],

[®f=yl<e

Figure 7.2: Geometry of convex optimizations.

7.1.7 Proximal Algorithms for TV and Sparsity

This section details an iterative algorithm that compute a solution of (7.5) for either the TV
prior J = Jyv or the sparse ¢! prior, which corresponds respectively to the minimizations (7.10)
and (7.11).

This algorithm was derived by several authors, among which [14, 11], and belongs to the general
family of forward-backward splitting in proximal iterations [8]. We note that faster algorithms can
be used, such as Nesterov scheme [22].

Surrogate functionals. The energy to minimize in (7.10) and (7.11) is written as

B(7) = L1ef — ol + M),
The difficulty is the presence of the operator ® in the ¢? norm, which makes this problem signifi-
cantly more difficult than the simple denoising by regularization (6.16).
To derive an iterative algorithm, we modify the energy F(f) to obtain a surrogate functional
E(f, f (k)) whose minimization corresponds to a simpler denoising problem.
Given some guess f*) € RV of the solution f*, the surrogate functional is defined as

)y _Lier w2 L sop2
B(f, ) = B(f) — 10f ~ @fOP + |7 - O,

One has
E(f,f®) > E(f) and E(f®, f®)=EB(f®) (7.12)

so that E(f, f*)) is a proxy for the minimization of E(f).
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Proximal iterations. A proximal iterative algorithm computes

FED = argmin B(f, f9).
fERN

Property (7.12) guarantees that E is decaying
E(f* ) < B(FM).

Furtheremore, one has
1 .
E(f,f0) = Ct | f = f© 4707 (@f D = )P + XD [(F, Y]
where C' is independent of f. Defining a proximal operator
- 1 -
prox, ;(f) = argmin _ | f — f[* + AJ(f), (7.13)
fERN 2
that corresponds to the variational denoiser introduced in (6.16), one thus has
D = prox,; (F®)  where  J8) = f0) — 70 (@) — y).

One can prove, see [], that if 7 < 2/|®*®| g, then
F® =

Noiseless case. If ¢ = 0, so that one observe noiseless measures y = ® fj, an heuristic to compute
approximately the solution f* of (7.6) is to use a decaying value of A = A(*) during the iterations.
One can for instance use Ay = Amax/k, although there is no proof of convergence to f*.

constrained problem. The constrained problem

f2 e argmin > [(f, ).

[®f-yl<e 7,

is equivalent to the problem (7.5), in the sense that f* is a solution of (7.5) for a suitable value of
A that depends on . Unfortunately, the correspondence between A and ¢ is unknown and depends
on y.
An heuristic to automatically find this correspondence is to iteratively update the value of
A= AR
NEHD) Ry &
[@f5) —y]

Sparse regularization. For the case of J = Jy, the proximal denoising operator (7.13) is com-
puted in closed form using a soft thresholding, as already noticed in (6.23).

The resulting proximal iterative algorithm corresponds to the iterative soft thresholding algo-
rithm, that alternates a gradient descent step

fR = B _ 2 (@) —y). (7.14)
and soft thresholding
FED =33 (F®, ) )om. (7.15)

Table 17 details the implementation of this method, when the data is assumed to be sparse in the
trivial identity basis.

TV regularization. For the case of J = Jpy, the proximal operator (7.13) does not have a
closed form solution. One thus has to use inner iteration of Chambolle’s scheme (6.22) to compute
the proximal map.



106 CHAPTER 7. INVERSE PROBLEMS

tau = 1.9/norm(Phi) "2;

fspars = y;
for i=l:niter

fspars = perform_thresholding(fspars + tauxPhi'«* (y—Phixfspars), lambdaxtau, 'soft');
end

Matlab code 17: [Iterative thresholding (iteration of (7.14) and (7.15)) to solve the inverse
problem regularization with ' prior, in the case where the sparsity basis is the identity. The
input is the operator ® given as a matriz Phi, the observation y stored in y and the reqularization
parameter \ stored in lambda. The output is the solution fspars.

7.2 Example of Inverse Problems

We detail here some inverse problem in imaging that can be solved using quadratic regularization
or non-linear TV and sparse regularization.

7.2.1 Deconvolution

The blurring operator (7.1) is diagonal over Fourier, so that quadratic regularization are easily
solved using Fast Fourier Transforms when considering periodic boundary conditions.
The pseudo-inverse f* = f* defined in (7.7) is computed as

s | Oll/hlw] it Alw] #0,
f[w]_{ 0 if hlw]=0.

The quadratic regularization defined in (7.8) is computed as

Fx _ h[w]* -
and the Sobolev regularization defined in (7.9) satisfy
£x _ h[w]* -
f [OJ] - |h[w”2 _ )\p2[w]y[w] (717)

where p[w]? depends on the discretization of the Laplacian operator, and is given in (6.4) for a
finite difference implementation. Table 18 details the implementation of both regularization.

phiF = f£ft2(phi);

f12 = real( ifft2( yF .x conj(phiF) ./ ( abs(phiF)."2 + epsilon) ) );

x = [0:n/2—1, —n/2:—11];

[Y,X] = meshgrid(x,x);

\rho = (X."2 + Y."2)%(2/n)"2;

fsob = real ( 1ifft2( fft2(y) .» conj(phiF) ./ ( abs(phiF).”2 + lambdax\rho) ) );

Matlab code 18: (2 and Sobolev regularization. The filter ¢ is given in phi, the regularization
parameter \ in lambda and the obervation y in'y. The output are the % regularization £12 and
the Sobolev reqularization f£sob.

Both TV and sparse regularization cannot be solved as easily and necessitate iterative proximal
algorithm for their resolution. We now give two example of such deconvolution for a spike and
wavelet orthogonal bases.

Sparse Spikes. Sparse spikes deconvolution makes use of sparsity in the spacial domain, which
corresponds to the orthogonal basis of Diracs v, [n] = d[n —m]. This sparsity was first introduced
in the seismic imaging community [], where the signal fy represent the change of density in the
underground and is assumed to be composed of a few Diracs impulse.
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In a simplified linearized 1D set-up, ignoring multiple reflexions, the acquisition of underground
data fj is modeled as a convolution y = h x fo + w, where h is a so-called “wavelet” signal sent
in the ground. This should not be confounded with the construction of orthogonal wavelet bases
detailed in Chapter 3, although the term “wavelet” originally comes from seismic imaging.

The wavelet filter h is typically a band pass signal that perform a tradeoff between space and
frequency concentration especially tailored for seismic exploration. Figure (7.3) shows a typical
wavelet that is a second derivative of a Gaussian, together with its Fourier transform. This shows
the large amount of information removed from f during the imaging process.

The sparse ¢! regularization in the Dirac basis reads

1
f* =argmin —|fxh —y[? + X flm]|.
remi 5 || ;I [m]

Figure 7.3 shows the result of ¢! minimization for a well chosen X\ parameter, that was optimized
in an oracle manner to minimize the error | f* — fo|.
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Figure 7.3: Pseudo-inverse and {* sparse spikes deconvolution.

The iterative soft thresholding for sparse spikes inversion iterates
O = O — s (hx fO )

and -
FEHVm] = S5, (F P m])
where the step size should obeys

T < 2/|®*®| = 2/max |h(w)]?

to guarantee convergence. Figure 7.4 shows the progressive convergence of the algorithm, both in
term of energy minimization and iterates. Since the energy is not strictly convex, we note that
convergence in energy is not enough to guarantee convergence of the algorithm.

Sparse in wavelets. Signal and image acquired by camera always contain some amount of blur
because of objects being out of focus, movements in the scene during exposure, and diffraction. A
simplifying assumption assumes a spatially invariant blur, so that ® is a convolution

y= foxh+w.
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Figure 7.4: Decay of the energy and convergence through the iterative thresholding iterations.

In the following, we consider h to be a Gaussian filter of width g > 0. The number of effective
measurements can thus be considered to be P ~ 1/pu, since ® nearly set to 0 large enough Fourier
frequencies. Table 19 details the implementation of the sparse deconvolution algorithm.

Figures 7.5 and 7.6 shows examples of signal and image acquisition with Gaussian blur.

Sobolev regularization (7.17) improves over 2 regularization (7.16) because it introduces an
uniform smoothing that reduces noise artifact. It however fail to recover sharp edge and thus does
a poor job in inverting the operator. To recover sharper transition and edges, one can use either a
TV regularization or a sparsity in an orthogonal wavelet basis.

Figure 7.5 shows the improvement obtained in 1D with wavelets with respect to Sobolev. Figure
7.6 shows that this improvement is also visible for image deblurring. To obtain a better result with
fewer artifact, one can replace the soft thresholding in orthogonal wavelets in during the iteration
(7.15) by a thresholding in a translation invariant tight frame as defined in (5.6).
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Figure 7.5: Sparse 1D deconvolution using orthogonal wavelets.

Figure 7.7 shows the decay of the SNR as a function of the regularization parameter A. This
SNR is computed in an oracle manner since it requires the knowledge of fy. The optimal value of
A was used in the reported experiments.

7.2.2 Noiseless Inpainting
For the inpainting problem, the operator defined in (7.4) is diagonal in space
¢ = dlagm(éﬁc [m])7

and is an orthogonal projector ®* = .
In the noiseless case, to constrain the solution to lie in the affine space { FERN\y=0f }, we
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Observations y = h*x fo + w 22 regularization
SNR=7dB SNR=7dB

Sobolev regularization 0 regularization 2! invariant
SNR=7dB SNR=7dB SNR=7dB

Figure 7.6: Image deconvolution.

use the orthogonal projector

Va, Py(f)(z) :{ J;((xx)) ! ifm egf;, Q.

Sobolev and TV inpainting. In the noiseless case, the recovery (7.6) is solved using a projected
gradient descent. For the Sobolev energy, the algorithm iterates

FED = By (f® +7af®).

which converges if 7 < 2/|A| = 1/4. Figure 7.8 shows some iteration of this algorithm, which
progressively interpolate within the missing area. Table 20 details the implementation of the
inpainting with the Sobolev prior.

Figure 7.9 shows an example of Sobolev inpainting to achieve a special effect.

For the smoothed TV prior, the gradient descent reads

k
porn —p 0 4 7 A
Ve + VW[
which converges if 7 < ¢/4.

Figure 7.10 compare the Sobolev inpainting and the TV inpainting for a small value of €. The
SNR is not improved by the total variation, but the result looks visually slightly better.

Sparsity inpainting. To inpaint using a sparsity prior without noise, we use a small value for
A. The iterative thresholding algorithm (7.15) is written as follow for 7 =1,

FERD =3NS (P (fM), thm)) o

Figure 7.11 shows the improvevement obtained by the sparse prior over the Sobolev prior if one
uses soft thresholding in a translation invariant wavelet frame.
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Figure 7.7: SNR as a function of .

hF = fft2(h);
filt = @(x)real (1fft2 (££ft2(x).*hF));

fspars = y;
tau = 1.5/max (abs (hF(:)));
for i=l:niter
fspars = fspars + tau  filt( y—filt (fspars) );
fW = perform_wavelet_transf (fspars, Jmin, +1,options);
fW = perform_thresholding( fW, lambdaxtau, 'soft' );
fspars = perform_wavelet_transf (fW, Jmin, —1,options);
end

Matlab code 19: Deconvolution with €' reqularization in a wavelet basis. The filter ¢ is given
in phi, the observations in y, the reqularization parameter A\ is lambda. The solution is given in
fspars.

tau = 1/5;

fsob = y;
for i=l:niter

L = div( grad(fsob) );
fsob = fsob + tau *» L;

fsob (mask==0) = y(mask==0);
end

Matlab code 20: Inpainting with Sobolev regularization. The mask € is given in mask, so that
the masked indices are £ (mask), the observations in y. The solution is given in f£sob.

7.2.3 Tomography Inversion

In medical imaging, a scanner device compute projection of the human body along rays A; g
defined
T-Tg = 1080 + x9sinf =t
where we restrict ourself to 2D projection to simplify the exposition.

The scanning process computes a Radon transform, which compute the integral of the function
to acquires along rays

voem YR ()= | f(x)ds=//f(x)6(x~rg—t)dx

see Figure (7.12)
The Fourier slice theorem relates the Fourier transform of the scanned data to the 1D Fourier
transform of the data along rays

VO e[0,7), VEER pa(€) = f(Ecosb, Esind). (7.18)
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k=1 k=10 k=20

k =100

Figure 7.8: Sobolev projected gradient descent algorithm.

Image fo Observation y = ¢ fy Sobolev f*

Figure 7.9: Inpainting the parrot cage.

This shows that the pseudo inverse of the Radon transform is computed easily over the Fourier
domain using inverse 2D Fourier transform

f(z) = %/prg*h(x-Tg)dO

with A(€) = ||

Imaging devices only capture a limited number of equispaced rays at orientations {6, =
7/k}o<k<rk. This defines a tomography operator which corresponds to a partial Radon trans-
form

Rf = (po, )o<k<k-

Relation (7.18) shows that knowing Rf is equivalent to knowing the Fourier transform of f along
rays,

{f(f cos(0), Esin(bk)) }i.

We thus simply the acquisition process over the discrete domain and model it as computing directly
samples of the Fourier transform

Of = (flw])wea € RY

where (2 is a discrete set of radial lines in the Fourier plane, see Figure 7.13, right.
In this discrete setting, recovering from Tomography measures y = Rfj is equivalent in this
setup to inpaint missing Fourier frequencies, and we consider partial noisy Fourier measures

Vwe R, ylw]= flw]+wlw]

where w[w] is some measurement noise, assumed here to be Gaussian white noise for simplicity.
The peuso-inverse fT = RTy defined in (7.7) of this partial Fourier measurements reads

if weq,

fll= { yO[W]if w0
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Sobolev f* TV f*
SNR=7dB SNR=7dB

Figure 7.10: Inpainting with Sobolev and TV regularization.

Figure 7.14 shows examples of pseudo inverse reconstruction for increasing size of 2. This recon-
struction exhibit serious artifact because of bad handling of Fourier frequencies (zero padding of
missing frequencies).

The total variation regularization (7.10) reads

1 R
fre arg}nin B > lylw] = Flwll? + Al f -
weN

It is especially suitable for medical imaging where organ of the body are of relatively constant
gray value, thus resembling to the cartoon image model introduced in Section 4.2.4. Figure 7.15
compares this total variation recovery to the pseudo-inverse for a synthetic cartoon image. This
shows the hability of the total variation to recover sharp features when inpainting Fourier measures.
This should be contrasted with the difficulties that faces TV regularization to inpaint over the
spacial domain, as shown in Figure 7.11.
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Sobolev f* Ortho. wav f*
SNR=7dB SNR=7dB SNR=7dB

Figure 7.11: Inpainting with Sobolev and sparsity.

Pos

)

Image f

Figure 7.12: Principle of tomography acquisition.
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Image f Radon sub-sampling Fourier domain

Figure 7.13: Partial Fourier measures.

Image fy 13 projections 32 projections.

Figure 7.14: Pseudo inverse reconstruction from partial Radon projections.

Image Pseudo-inverse
0

Figure 7.15: Total variation tomography inversion.



Chapter 8

Linear Mesh Processing

This chapter exposes the basics of surface approximation with 3D meshes and the way to process
such meshes with linear operators. In particular, it studies filtering on 3D meshes and explains
how a Fourier theory can be built to analyze these filters.

8.1 Surface Discretization with Triangulated Mesh

8.1.1 Continuous Geometry of Surfaces

In this course, in order to simplify the mathematical description of surfaces, we consider only
globally parameterized surfaces. We begin by considering surfaces embedded in euclidean space
M C Rk

Definition 1 (Parameterized surface). A parameterized surface is a mapping
u €D CR?— ¢(u) € M.

Of course, most surfaces do not benefit from such a simple parameterization. For instance, a
sphere should be split into two parts in order to be mapped on two disks Dy, Dy. These topological
difficulties require the machinery of manifolds in order to incorporate a set of charts D = {D;};
that overlap in a smooth manner. All the explanations of this course extend seamlessly to this
multi-charts setting.

A curve is defined in parameter domain as a 1D mapping ¢ € [0, 1] — 7(¢) € D. This curve can
be traced over the surface and its geometric realization is 5(t) = ¢((t)) € M. The computation
of the length of + in ambient k-dimensional space R follows the usual definition, but to do the
computation over the parametric domain, one needs to use a local metric defined as follow.

Definition 2 (First fundamental form). For an embedded manifold M C RF | the first fundamental

form is
_(9¢ 9¢
I¢ N <<8ui’ 8’[1,]‘ >>i,j—1,2 ’

This local metric I, defines at each point the infinitesimal length of a curve as

Liy) / o / VO 1,0 (1),

This fundamental form is an intrinsic invariant that does not depends on how the surfaces is iso-
metrically embedded in space (since the length depends only on this tensor field I). In contrast,
higher order differential quantities such as curvature might depend on the bending of the surface
and are thus usually not intrinsic (with the notable exception of invariants such as the gaussian cur-
vature). In this course, we restrict ourselves to first order quantities since we are mostly interested
in lengths and the intrinsic study of surfaces.

115
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Example 1 (Isometry and conformality). A surface M is locally isometric to the plane if I, = Ida.
This is for instance the case for a cylinder. The mapping ¢ is said to be conformal if I,(u) =
A(w)Idy. It means that the length of a curve over the plane is only locally scaled when mapped to
the surface. In particular, the angle of two interescting curves is the same over the parametric
domain and over the surface. This is for instance the case for the stereographic mapping between
the plane and a sphere.

8.1.2 Discretization of Surfaces with Triangulations

Mesh Data Structure A triangulated mesh is a discrete structure that can be used to approxi-
mate a surface embedded in Euclidean space R*. It is composed of a topological part M = (V, E, F)
and a geometrical realization M = (V, &, F). It is important to make the distinction between these
two parts since many algorithms rely only on geometry (point clouds processings such as dimension
reduction) or on topology (such as compression).

The topology M of the mesh is composed of
— Vertices (0D): this is an abstract set of indices V ~ {1,...,n}.
— Edges (1D): this is a set of pair of vertices E C V x V. This set is assumed to be symmetric

(i,j) e E <= i~j&(j,i) €E.

— Faces (2D): this is a collection of 3-tuples of vertices FF C V x V x V, with the additional
compatibility condition

(i,5,k) € F = (i,4),(J,k), (ki) € E.
We further assumer that there is no isolated edges
Y(i,j) € E, 3k, (i,5,k) € F.

The set of edges can be stored in a symmetric matrix A € R"*" such that A;; = 1if (i,j) € E
and A;; = 0 otherwise. This matrix is often stored as a sparse matrix since the number of edges is
usually much smaller than n2. The set of vertices and edges form a non-oriented graph G = (V, E).
Faces are often stored as a matrix Ap € {1,...,n}3*™ where m is the number of faces and a
column ((Ar)i1,(AFr)i2, (Ar);3) stores the indices of a face. In a triangulation, the face matrix
Ar allows to recover the edge incidence matrix A. The face data structure allows to really capture
the 2D geometry of surfaces, which is not possible with graphs alone.

The geometric realization M is defined through a spacial localization of the vertices (for instance
in 3D space)

VE {z;\ieV} R

This allows to define a piecewise linear mesh

Fe U Conv(w;,zj, 1) C R,
(i,5,k)EF

where the convex envelop Conv(z,y,z) of three points is the Euclidean triangle generated by
(2,9, 2).

This piecewise linear realization M can be displayed as a 3D surface on a computer screen.
This is performed through a perspective projection of the points and a linear interpolation of color
and light inside the triangle. Figure 8.1 shows an example of 3D display, with a zoom on the faces
of the mesh.

Adjacency Relationships From the basis topological information given by M = (V, E, F'), one
can deduce several adjacency data-structures that are important to navigate over the triangulation.

Definition 3 (Vertex 1-ring). The vertex 1-ring of a vertex i € V is

Vi={jeV\(GjeE}cCV: (8.1)
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Figure 8.1: Ezample of display of a 3D mesh.

The s-ring is defined by induction as

Vs> 1, v;‘s):{jeV\(k,j)eE and kevf‘”}.

Definition 4 (Face 1-ring). The face 1-ring of a vertex i € V is

F, = {(i,j,k) e F\i,jeV}CF.

The geometrical realization of a vertex 1-ring is

Vi = U Conv(z;, xj, k).

(1,3,k)EV;

117

(8.2)

A triangulated mesh is a manifold mesh if all the rings V; for i € V' are homeomorphic to either a
disk (for interior vertices) or to a half disk (for boundary vertices). This ensures that the geometrical
mesh really has the topology of a 2D surface embedded in R3 (possibly with boundaries). In

particular, it implies that there is at most two faces connected to each edge

V(i,j) € B, #{k\(i,j,k) € F} <2.

rule ( W )
. or. (5 — ) N (xp — 4
Vf=1(,jk) €F, n; = 1 .
T Gy =) Aok — i)l
and where .
VieV o ZfeFi ny

12 ser sl

As an application of these local rings, one can compute a normal at each point using a simple

These normals are used to define for instance a light intensity I(i) = max({n;, £(4), ,)0), where £(7)
is the incident light. In practice one uses a infinite light source £(i) = ¢ =constant or a local spot
located at position s € R3 through ¢(i) = (v; — s)/|v; — s|. This light intensity is interpolated on

the whole mesh during display.

8.2 Linear Mesh Processing

The light intensity I is a particular example of a function defined at each vertex of the mesh.
Mesh processing is intended to process such functions and we thus define carefully vector spaces

and operators on meshes.

8.2.1 Functions on a Mesh

In this course, a function is a discrete set of values defined at each vertex location.
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Definition 5 (Linear space on a mesh). A function on a mesh is a mapping f € (2(V) ~ (3(V) ~
R™ and can be viewed equivalently as

fI{V — E — fi{V — = — f=(fi)iev €R"™

;g > f(z;) i o— fi

The linear space of the functions on a mesh is equipped with an Hilbert space structure that
allows to quantify approximation error and compute projections of functions.

Definition 6 (Inner product and norm). One defines the following inner product and norm for
vector f,g € R"
(f.9) = > figi and [fI*=(f, f).
eV

In order to modify (process) functions on a mesh (such as a light intensity I), this course
considers only linear operations that are defined through a large matrix.

Definition 7 (Linear operator A). A linear operator A is defined as
AP(V) = V) <= A= (aj)ijev € R™" (matriz).
and operate on a function f as follow

(AN () =Y aifz) = (A=) aifi

JjeV JjeEV

Example 2. If the coordinates of the point of a mesh are written x; = (x}, 22, 23) € R3, then the
X -coordinate defines a function f i € V — xi € R. A geometric mesh M is thus 3 functions
defined on M.

Mesh processing is the task of modifying functions f € ¢2(V). For instance, one can denoise a
mesh M as 3 functions on M. The usual strategy applies a linear operator f — Af. Sometimes,
A can computed from M only (for instance for compression) but most of the times it requires both
M and M.

8.2.2 Local Operators

In most applications, one can not store and manipulate a full matrix A € R™*"™. Furthermore,
one is usually interested in exploiting the local redundancies that exist in most usual functions
f € R™ defined on a mesh. This is why we restrict our attention to local operators that can be
conveniently stored as sparse matrices (the zeros are not kept in memory).

Definition 8 (Local operator). A local operator W € R™ "™ satisfies w;; =0 if (¢,j) ¢ E.

Whi= Y wif;.

(1,7)€EE

A particularly important class of local operators are local smoothings (also called filterings) that
perform a local weighted sum around each vertex of the mesh. For this averaging to be consistent,
we define a normalized operator W whose set of weights sum to one.

Definition 9 (Local averaging operator). A local normalized averaging is W = (Wi;)i jev = 0
where

V(i) € B, iy = .
2 (iren Wi
It can be equivalently expressed in matriz form as

W =D"'W with D =diag;(d;) where d;= Z Wi
(i,J)eE
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The smoothing property corresponds to W1 =1 which means that the unit vector is an eigen-
vector of W with eigenvalue 1.

Example 3. In practice, we use three popular kinds of averaging operators.
— Combinatorial weights: they depends only on the topology (V, E) of the vertex graph

V(i,j)EE, U}”:l
— Distance weights: they depends both on the geometry and the topology of the mesh, but do not

require faces information,
1

] i

— Conformal weights: they depends on the full geometrical realization of the 3D mesh since they
require the face information

V(Z,j) S E, Wi = COt(Ozij) + COt(ﬂij). (83)
Figure 8.2 shows the geometrical meaning of the angles o;; and [3;;
o = Lz, xj, Tg,) and Bij = L(i, T4, Thy ),

where (i,j,k1) € F and (i,7,k2) € F are the two faces adjacent to edge (i,j) € E. We will see
in the next section the explanation of these celebrated cotangent weights.

Figure 8.2: One ring around a vertex i, together with the geometrical angles a;; and B;; used to
compute the conformal weights.

One can use iteratively a smoothing in order to further filter a function on a mesh. The resulting
vectors W f, W2, ..., WFkf are increasingly smoothed version of f. Figure 8.3 shows an example of
such iterations applied to the three coordinates of mesh. The sharp features of the mesh tend to
disappear during iterations. We will make this statement more precise in the following, by studying
the convergence of these iterations.

8.2.3 Approximating Integrals on a Mesh

Before investigating algebraically the properties of smoothing operators, one should be careful
about what are these discrete operators really approximating. In order for the derivation to be
simple, we make computation for a planar triangulation M of a mesh M C R2.

In the continuous domain, filtering is defined through integration of functions over the mesh.
In order to descretize integrals, one needs to define a partition of the plane into small cells centered
around a vertex or an edge.

Definition 10 (Vertices Voronoi). The Voronoi diagram associated to the vertices is

VieV, E={xeM\Vj#i|r—z|<|z—z}
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Ezamples of iterative smoothing of a 8D mesh.

Figure 8.4:  Left: vertex Voronoi cell, right: delaunay Voronoi cell. The point cy is the orthocenter

of a face f = (i, j, k).
Definition 11 (Edges Voronoi). The Voronoi diagram associated to the edges is
Ve=(i,j) €E, E.={xeM\Ve #e,d(z,e) <d(x,e)}

These Voronoi cells indeed form a partition of the mesh

M=) E =] E..

eV ecE
The following theorem gives the formula for the area of these cells.

Theorem 1 (Voronoi area formulas). For alle = (i,j) € E, Vi € V, one has

1
A, = Area(E,) = §||:c1 — ||2 (cot(avj) + cot(Bi;))

A; = Area(E, Z Aijy-

jEN

With these areas, one can approximate integrals on vertices and edges using

/ flopl xS Af@) 50 Aef(lona)

icV =(i,j)€E
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Of particular interest is the approximation of the so-called Dirichelet energy [ M IVef|?dz. In
order to compute it on a triangular mesh, one can use a finite difference approximation of the
gradient of a function at the point x;; = (x; + x;)/2 along an edge (1, 7)

J(x;) — f(xj)'

i = ]

X

(Va, f, )~

II:vz — 4]

This leads to the following approximation of the Dirichlet energy

2 ||x “al?

/ ”V f“ dr ~ Z A(z,]) v:v”.ﬂ

R ool

= Z wij| f(x;) — fz:))? where w;; = cot(ay;) + cot(Bij). (8.5)
(1,4)EE
This discrete formulation shows that the correct weights to approximate the Dirichlet energy are
the cotangent one, already introduced in equation (8.3).

8.2.4 [Example on a Regular Grid

A regular grid is an uniform discretization with n points of [0,1) (in 1D) or [0,1)? (in 2D).
One usually assumes periodic boundary conditions, which means that each side of the square is
associated with its opposite.

Since the geometry of a regular grid is invariant under translation, local averaging operators
can be computed as convolution on D = (Z/pZ)? where n = p? for d the dimension of the domain
(d=1lord=2)

VieD, Wf(i)=>Y_ f(k)w

keD

where the operation + and — should be computed modulo p and w(k) = I/T/(O7 k) is the convolution
kernel.

Example 4 (Averaging). The uniform averaging filter is defined as

W (1) fl+k),
\le

keEN

where N is the set of neighbors of the point 0 and |N| = 2¢. In this case, in dimension 1,
w = (1,0,1)/2, where this notation assumes that W is centered at the point 0.

In order to study translation invariant operators like local filtering, one needs to use the discrete
Fourier transform that diagonalizes these operators.

Definition 12 (Discrete Fourier transform). The 1D discrete Fourier transform ®(f) € C™ of the
vector f € C"

O(f)(w) = flw) = %kaez;%
k

A similar definition can be given for the 2D discrete Fourier transform. The main property of
the Fourier transform is the following diagonalization result.

Theorem 2 (Convolution and Fourier). For any vector f, one has
QW) =d(x...xwxf) = OW*f)(w)=1vw) f(w).

The main interest of this tools is that ®(f) can be computed in O(nlog(n)) operations with the
FFT algorithm. Using the following theorem, it gives an alternative expression of a local filtering.
This expression in the Fourier domain can be used to speed up the computation of @ * f if @ has
a lot of non zero entries (which is not the case in our setting of local operators). It is also useful
to analyze theoretically the behavior of iterated filterings.
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Theorem 3 (Convergence). For any function f defined on a regular grid in 1D or 2D, one has
= —too 1
WhE PR Y
Vi

This Fourier theory can only be developed for domains that have a group structure that enables
translation invariant filtering. In particular, it does not carry over easily to an arbitrary surface.
In the remaining, we define a corresponding theory for graphs and triangulated surfaces using the
eigenvector of Laplacian operators. This Fourier transform on meshes enables the analysis of the
convergence of many filtering schemes.

8.2.5 Gradients and Laplacians on Meshes

Gradient operator A gradient operator defines directional derivatives on a triangulation. It
maps functions defined on vertices to functions defined on the set of oriented edges

E={(i,j) € E\i>j}.

Definition 13 (Gradient). Given a local averaging W, the gradient operator G is defined as

V(i,j) € E,i<j, (Gf)auy = Jwy(fi - fi) € R
This mapping can be viewed equivalently as

G:3(V) — ?(E), or G:R" — RP where p=|F|,
or G € R"*?  (a matrix).

The value of (Gf). for an edge e = (¢,j) can be thought as a derivative along direction z;z;.

Example 5. For the local averaging based on square distances, one has

2 f(xj) — flai)
wi; = |z — x4 Gy =—F"—""—">.
ij |z j" o f)(m) Jl; — x; I
which is exactly the finite difference discretization of a directional derivative.
One a regular grid, one can note that

T
— Gf discretizes Vf = (%, %) .

— G discretizes +(v) = a,—’;l + %—’;.

Laplacian Operator A Laplacian operator is a discrete version of a second order derivative
operator.

Definition 14 (Laplacian). Given a local averaging W, the Laplacian operator D is defined as

L D—W, where D= diag;(d;), with d; = Z Wi -
J

In the remaining, we also make use of normalized operators, which have an unit diagonal.

Definition 15 (Normalized Laplacian). The normalized Laplacian is defined as
L= D '\?2Lp~Y? =14, — D~Y?WD'? =1d,, — D/*WD~1/2.

This normalized Laplacian correspond to the weighted graph Laplacian used in graph theory,
see for instance [7].

Remark 1. One can note that
— Laplacians are symmetric operators L, L € R™"*™,
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— L acts like a (second order) derivative since L1 = 0.
— in contrast, the normalized Laplacian is not a real derivative since L1 # 0 in general.

The main interest of the gradient operator is that it factorizes the Laplacian as follow.

Theorem 4 (Laplacian factorization). One has
L=G"G and L= (GD V2 (GD'?).

This theorem proves in particular that L and L are symmetric positive definite operators. The
inner product defined by the Laplacian can be expressed as an energy summed over all the edges
of the mesh

(LE ) =1GIP =Y wylfi = £l
(i,9)€E
In the particular case of the cotangent weights introduced in equation (8.3), one can see that the
Laplacian norm (Lf, f) is exactly the finite differences approximation of the continuous Dirichlet
energy [,,|V.fldz derived in equation (8.5). This is why these cotangent weights are the best
choice to compute a Laplacian that truly approximates the continuous Laplace Beltrami operator
(see definition 16).
A similar expression is derived for the normalized laplacian

fi [ H2
d;

(Li D =1GD 2P = 3wy
(i,j)eE ’ \/d71 \/7

Of particular interest for the study of filtering on meshes is the behavior of the spectrum of the
Laplacian. We can first study its kernel.

Theorem 5 (Kernel of the Laplacian). If M is connected, then

ker(L) = span(1) and ker(L) = span(D/?).

8.2.6 Examples in 1D and 2D

In 1D, all local weights are equivalent since the points are equi-spaced. The corresponding
Laplacian is a convolution that can be written as

%f* (-1,2,1),
where it is important to remember that the notation (—1,2,1) means that the vector is centered
around 0.

This discrete 1D Laplacian is the finite difference approximation of the continuous Laplacian
on the torus 7 of the segment [0, 1) modulo 1. Up to a minus sign, this Laplacian is just the second
order derivative

(Lf)i = o5 (fi ~ fira = fimn) =

hoo d?
L")
One should be careful with our notation that consider positive semi-definite Laplacian, that have
the opposite sign with respect to second order derivative operators (which are definite negative).
The gradient operator corresponds to a discretization of the first order derivative f — f’ (which
is anti symmetric). The continuous counterpart of the factorization L = GTG is the integration
by part formula on the torus

| rwgoe = - [ —ag@ae — [ @ = [ 7P <o
T T T T
The discrete Laplacian on a 2D grid can also be written as a 2D convolution

0O -1 0
= -1 4 -1
0O -1 0

1

(L1 = 35 (Ui = fiu = fiu = 5o = 1) = 73
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where {jj }r are the four neighbors of the point ¢. This operator is the finite difference approxima-
tion to the continuous 2D Laplacian

h—0 . 82 f an

L — @(l‘l) — 87y2($1) = —Af(a:l)

The factorization Lf = GTG f corresponds to the decomposition Af = +(Vf).

8.2.7 Example of a Parametric Surface

We recall that a parameterized surface is a mapping u € D C R? - ¢(u) € M. Whereas the
continuous Laplacian is simple to define on the plane using partial derivatives, its definition on
a surface requires the intervention of an arbitrary parameterization ¢ which makes its expression
cumbersome.

Definition 16 (Laplace-Beltrami). The Laplace-Beltrami operator on a parametric surface M is

defined as
. O 922 0 912 0 0 911 0 912 0
A d:f<_)+<_
VIAM Oup \/gOur /g 0uy Ouz \ /g Ouz /g 0uy

where g = det(Iy) and Iy = (gij)i j=1,2-

The Laplacian is however an intrinsic operator that does not depends on the chosen parame-
terization, as shown by the following approximation theorem.

Remark 2 (Laplacian using averaging).

D) = fim e [ H)dy where Bu@) = (0 dua(e) < 1)

where d g is the geodesic distance on M and h = max(; j)ep |vi—x;| is the discretization precision.

8.3 Diffusion and Regularization on Surfaces

8.3.1 Heat Diffusion

The main linear PDE for regularization of functions is the heat equation that governs the
isotropic diffusion of the values of a function in time.

Definition 17 (Heat diffusion). V¢ > 0, one defines F : M — R solving

OF; -
aTt = D 'LF, = —(Id, —-W)F,  and VieV, Fy(i)= f(i)
In order to compute numerically the solution of this PDE, one can fix a time step 6 > 0 and
use an explicit discretization in time Fj as Fy = f and

1 - _ _ _ _ _ _ -
3 (Fry1 — Fy) = —D'LE, = Fyp1=F,— 6D 'LE, = (Id — 6)F), + W Fy. (8.6)

If § is small enough, one hopes that the discrete solution Fj, is close to the continuous time solution
F; for t = 0k. This is indeed the case as proven later in these notes.

Remark 3. In order for this scheme to be stable, one needs 6 < 1. This is be proven later using
the extension of Fourier theory to meshes.

Remark 4. If6 = 1, then the discretization of the Heal equation corresponds to iterative smoothing
since Fj, = W¥ f. In this case stability is not guaranteed but only pathological meshes give unstable
filtering (see theorem 13).
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Instead of using the explicit discretization in time (8.6), one can use an implicit scheme which
compute an approximate solution Fj at step k by solving

1/~ - . L. .
3 (Fk+1 - Fk) = D 'LEy, = ((6+1)Id, — 0W)Fyis = . (8.7)

Computing Fj, requires the solution of a sparse linear system at each step k. The implicit scheme
(8.7) is thus computationally more involved than the explicit scheme (8.6). We will however see
later that the implicit scheme is always stable for any value of ¢ < 1.

Example 6 (Mesh smoothing). In order to smooth a mesh whose points are x; = (x},x2,23),

one can perform a heat diffusion for each component fi = (z¥),k = 1,2,3. Figure 8.5 shows an
example of such a smoothing.

In practice, mesh smoothing is used to denoise a function f = fy 4+ ocg where g € R” is a
realization of a gaussian white noise (each entry ¢(i) are independent and follow a gaussian law with
unit variance). The difficult task it to find an optimal stopping time ¢ to minimize |F} — fo|, which
is not available since one does not know f. For uniformly smooth surfaces, the theory predicts that
a linear filtering such as the heat equation requires a stopping time proportional to the noise level
0. This is however false for more complex surfaces such as the one used in computer graphics. In
these case, alternate non linear diffusions such as non-linear PDE or wavelet thresholding usually
perform better, see [20] for an overview of these methods in image processing.

-

Original Tter #1 Tter #2 Tter #3 Tter #4

Figure 8.5: Ezamples of mesh denoising with the heat equation.

Other differential equations. One can solve other partial differential equations involving the
Laplacian over a 3D mesh M = (V| E, F'). For instance, one can consider the wave equation, which
defines, for all t > 0, a vector F; € ¢2(V) as the solution of

82Ft FO = f c Rn,

8.8
ot? SFy=geR", (8.8)

=_-D7'LF, and {
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In order to compute numerically the solution of this PDE, one can fix a time step 6 > 0 and use
an explicit discretization in time Fj as Fy = f, F} = Fy + 6g and for k > 1

1, - _ _ - _ _ _ -
5 (Foy1+ Fro1 —2F;) = =D 'LF, = Fj11 =2F,— Fy1 — 6D 'LF.

Figure 8.6 shows examples of the resolution of the wave equation on 3D meshes.

Figure 8.6:  Ezample of evolution of the wave equation on 3D mesh. The initial condition f is a
superposition of small positive and negative gaussians.

8.3.2 Spectral Decomposition

In order to better understand the behavior of linear smoothing on meshes, one needs to study
the spectral content of Laplacian operators. This leads to the definition of a Fourier theory for

meshes. The decomposition L = (GD~Y/ 2)T(GD_l/ 2) of the Laplacian implies that it is a positive
semi-definite operator. One can thus introduce the following orthogonal factorization.

Theorem 6 (Eigen-decomposition of the Laplacian). It exists a matriz U, UTU = 1d,, such that
L=UAUT  where A =diag,(\.), M << Ay

The eigenvalues A, correspond to a frequency index that ranks the eigenvectors u, of U =
(t)w- One can first state some bounds on these eigenvalues.

Theorem 7 (Spectral bounds). Vi, A; € [0,2] and
— If M is connected then 0 = \1 < Ag.
— A =2 if and only if M is 2-colorable.

We recall the definition of a colorable graph next.

Definition 18 (Colorable graph). A graph (V, E) is k-colorable if it exist a mapping f : V —
{1,...,k} such that
V(i,j) € B, f@)# f().

A 2-colorable graph is also called bi-partite. A 2-colorable mesh is pathological for filtering
since one can split the set of vertices into two parts without inner connexions. The filtering process
can oscillate by exchanging values between these sets, thus never converging.
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The orthogonal eigen-basis U = (u,),, is an orthogonal basis of the space R" ~ ¢2(V'), which

can be written as
{ V — R
Uy : .

T o ug(xy)

The orthogonality means that (u,, u. ) = 55/. This basis allows to compute an orthogonal de-
composition of any functions f

VEePWV), f= (f u)u.

Having such a tool allows to split a function f in elementary contributions (f, u,) with a control
in the energy because of orthogonality

IF12 =D 10F, wa) P

Figure 8.7:  Ezamples of eigenvectors u,, of the Laplacian L. The blue colors indicated negative
values, red colors positive ones. The black curve is the 0 level set of the eigenvector.

Figure 8.7 shows some examples of eigenfunctions depicted using color ranging from blue (neg-
ative values of the eigenfunction) to red (positive values). One can see that these functions are
oscillating, in a way similar to the traditional Fourier basis. In some sense (made more precise
latter), this basis is the extension of the Fourier basis to meshes. A function w,, corresponding to
a large spectral value )\, is highly oscillating and corresponds thus intuitively to a high frequency
atom.

Extracting numerically eigenvectors from a large matrix is a difficult problem. If the matrix is
sparse, a method of choice consists in using iterative powers of a shifted version of the laplacian.
One starts from a random initial vector vy and iterates

W41

where wi 1 = (L — \d,,) " Lo (8.9)
[wita]

Ve+1 =

These iterates converges to the eigenvectors corresponding to the eigenvalue the closest to A, as
staten in the following theorem.

Theorem 8 (Inverse iterations). For a given shift A, lets denote

w* = argmin |\ — | and  w' = argmin |\ — |
w wWHW*
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If I = due| < IA = Aut], then

Vg koo Uy and  (Lvg, vg) koo Ao
The speed of convergence of these inverse iterations is governed by the conditioning of (Z —
AId,,)~! since
aer [A = Aur| <1

[ok = wr | S Cp(N)* where  p(A) = Y

The smallest p(A) is, the faster the method converges.

In order to compute an iteration (8.9) of the method, one needs to solve a sparse linear system
Awpy1 = v whith A = L — Md,. In order to do so, one can use a direct method such as LU
factorization. The advantage of such an approach is that the factorization is computed once for
all and can be re-used to solve very quickly at each step k. These factorization are however quite
slow to compute especially for large matrices. For large problems, one can solve this linear system
using an iterative algorithm such as conjugate gradient. These iterative method are attractive for
sparse matrices, but a fast convergence requires 1/p()\), the conditioning of L — \Id,, to be not
large, with is contradictory with the constraint for iterations 8.9 to converge fast.

8.3.3 Spectral Theory on a Regular Grid

In the particular case of a 1D or 2D lattice, the eigenfunctions defined earlier correspond exactly
to the Fourier basis used in the discrete Fourier transform.

Theorem 9 (Spectrum in 1D). For a 1D regular lattice,

1 2 2
uy, (k) = 7 exp <mkw> and A\, = 4sin? (Ww) .
n n n

Theorem 10 (Spectrum in 2D). For a 2D regular lattice, n = ning, w = (w,w2)

1 % (2 (2
uy, (k) = \/ﬁexp( p (k, w}) and )\w—4(sm (n1w1>+sm <n2w2)>.

As already mentioned, on a mesh, the eigenvectors of L correspond to a extension of the Fourier
basis to meshes. The definition of the Fourier transform on meshes requires a little care since a
diagonal normalization by D is used as defined next.

Definition 19 (Manifold-Fourier transform). For f € ¢2(V),
O(f)w) = fw) E (D2 f ) <« @(f)=Ff=UTDV2
where (uy,), are the eigenvectors of L.

One can note that there is still a degree of freedom in designing this Fourier transform since
one can use any local weighting (for instance combinatorial, distance or conformal). Depending
on the application, one might need to use weights depending only on the topology of the mesh
(combinatorial for mesh compression).

A major theoretical interest of this Fourier transform is that it diagonalizes local averaging
operators.

Theorem 11 (Spectral smoothing). One has WS~ =1d, — A and thus for any function f

WHw) = (1= X,)f(w)
This diagonalization allows to prove the convergence of iterative smoothing.

Theorem 12 (Convergence of iterated smoothing). If A, < 2 (i.e. M is not 2-colorable), then for
any function f

e R 001
Wk 2 EZfi.

icV
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8.3.4 Spectral Resolution of the Heat Diffusion

Recall that the heat diffusion is defined as

OF, -
Vit >0, aTt = -—D7'LF, = —(Id,, — W)F,
Using the manifold Fourier expansion F, @ UTDY/2F,, this differential equation can be re-written
as
OF;(w)
ot
This allows to study the convergence of the continuous heat equation.

= MW = F(w) =exp(—At)f(w). (8.10)

Theorem 13 (Convergence of heat equation). If M is connected,
— 100 ]-
TN
t n Z fz
i€V
Recall that the heat equation is discretized using the following explicit and implicit schemes,
equations (8.6) and (8.7)
Fp, = (1—-96)F, + W Fy,
((1 + 5)Idn — 5W)Fk+1 = F}.
These filtering iterations can be re-written over the Fourier domain as

— o~

Fip1(w) = (1= 0A) Fi(w),
Fin1(w) = oy Fr(w)-

This allows to state the stability and convergence of the finite difference discretization.

Theorem 14 (Convergence of discretization). The explicit scheme is stable if 6 < 1. The implicit
scheme is always stable. One has

§—0

{ Ft/5 610} Fta
Ft/5 e Ft.

with the restriction that for the explicit scheme, the mesh must not be 2-colorable.

Other Differential Equations. The manifold Fourier transform can also be used to solve the
wave equation (8.8) since

82Ft (w)
ot2

N . ; 1. .
= MEWw) =  Fi(w)=cos(vAt)f(w) + oW sin(v/Aut)g(w).

8.3.5 Quadratic Regularization

Instead of using a PDE for regularization, one can try to find a new function that is both close
to the original one f and that is smooth in a certain sense. This leads to the notion of quadratic
regularization, where one uses a Laplacian as a smoothness prior on the recovered function.

Definition 20 (Quadratic regularizer). Fort > 0, one defines
F! = argmin |f — g]° + t|Gg]|? where G=GD™ /2
geERn
This optimization replaces f € ¢2(V) by F € (V) with small gradients. This optimization
can be found in closed form by inverting a sparse linear system.

Theorem 15 (Solution of quadratic regularization). F is unique and

Ff = (Id, +tL)"'f.
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Over the Fourier domain, this inversion reads

B = 1 F @)

This corresponds to an attenuation of the high frequency content of f, in a way very similar to
equation (8.10).

Once again, similarly to the heat equation, the spectral expression of the quadratic regularizer
allows to study its convergence for large t.

Theorem 16 (Convergence of quadratic regularization). If M is connected,

t——+ ].
Ff == n Z fi-
i€V

8.3.6 Application to Mesh Compression

We have shown how the Fourier basis on meshes can be used to compute in a diagonal fashion
filtering, heat diffusion and quadratic regularization. This Fourier transform is however of little
interest in practice, since the original filterings (or finite difference approximation of the heat equa-
tion) are usually faster to compute directly than over the Fourier domain. The Fourier transform
is thus mainly of theoretical interest in these cases since it allows to prove convergence results.

Another class of applications makes use of an orthogonal expansion such as the Fourier one to
perform mesh compression. This section shows how to compute a linear M-term approximation
in this Fourier basis and to do mesh compression. We refer to the survey [1] for more advanced
non-linear mesh compression methods.

The orthogonal basis U = (uy),, of £2(V) ~ R™, where L = UAUT allows to define a linear
approximation as followed.

Definition 21 (Linear M-term approximation). For any M > 0, the linear M -term approximation

of f is

n M
M-t . ef.
f = Z<f7 uw>uw eTm:gPPmﬂU .fM = Z<f7 uw>uw-
w=1 w=1

The quality of the approximation is measured using the error decay, which can in turn be
estimated using the removed coefficients

EM) S |f = ful? = D [{f wa) .

w>M

A good orthogonal basis U is a basis for which F(M) decays fast on the signals of interest. Equiv-
alently, a fast decay of E with M corresponds to a fast decay of |{f, u,)| for large w. Figure 8.8
shows the decay of the Fourier spectrum for two different functions defined on a 3D mesh. The
smooth function (left in the figure) exhibits a fast decay of its spectrum, meaning that it can be
well approximated with only a few Fourier coefficients.

We recall that the Fourier atoms

1 wwxT
VweZ, u,x) me
are the eigenvectors of the compact, symmetric, semi-definite negative operator f — f” (that
should be defined on the Hilbert space of twice Sobolev derivable functions). This set of function
is also an Hilbert basis of the space L*(R/(27Z)) of 2n-periodic square integrable functions and a
Fourier coefficient is f(w) < (f, u,,).
Approximation theory studies this linear error decay for classical functional spaces. One can
for instance study the Fourier expansion over euclidean spaces.

Theorem 17 (Fourier in 1D). If f is C% reqular on R/(27Z),

|f ()] < 1Faolw] 7
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Figure 8.8: FEzamples of Fourier spectrum for a smooth and a non-smooth function.

This result can be proven with a simple integration by parts. A slightly more difficult result
shows that the linear approximation error decays like M ~%.

Theorem 18 (Fourier approximation). If f is C% on R/(27Z), then it exist C > 0 such that

Sl u)P < 400 = B(M) < COM™.

w

This kind of results can be extended to continuous surfaces thanks to the continuous Laplacian.
We suppose that M is a surface parameterized by ¢, and a function f = ¢ o f is defined on it.
By definition, this function f is C® if f is C* in euclidean space. For a compact surface M, the
Laplace-Beltrami operator A, is symmetric (for the inner product on the surface), is negative
semi-definite and has a discrete spectrum Apu, = —A,u, for w € N. The functions {u,}, are
an orthogonal basis for function of finite energy on the surface L? (M). The inner product of an

arbitrary smooth function f € C*(M) can be bounded using integration by parts

1 «@
U = @ w) = 1wl < e

This proves the efficiency of the Fourier basis on surfaces to approximate smooth functions.

When computing the M-term approximation fj; of f one removes the small amplitude Fourier
coefficients of the orthogonal expansion of f. Figure 8.9 shows some examples of mesh approxima-
tion where one retains an increasing number of Fourier coefficients. Mesh compression is only a
step further, since one also need to code the remaining coefficients. This requires first quantifying
the coefficients up to some finite precision and then binary code these coefficients into a file.

8.3.7 Application to Mesh Parameterization

This section is restricted to the study of meshes that can be globally parameterized on a plane.
It means that they are topologically equivalent to a 2D disk. More complex meshes should be first
segmented in cells that are equivalent to a disk.

A parameterization of a continuous surface M is a bijection

¢ : M — D CR?

A similar definition applies to a discrete mesh where one computes a 2D position ¢ (¢) for all the
vertices 7 € V and then interpolates linearly the mapping to the whole piecewise linear geometric
mesh. This section explains the basics of linear methods for mesh parameterization. We refer to
various surveys [15, 29] for more details on mesh parameterization.

Usually, a 2D mesh is computed from range scanning or artistic modeling, so it does not
come with such a parameterization. In order to perform texture mapping or more general mesh
deformations, it is however important to use such a parameterization. Since many bijections are
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Figure 8.9: FEzamples of spectral mesh compression.

possible to layout the mesh in 2D, the mapping ¢ has to satisfy additional smoothness assumptions.
Classically, one requires that each coordinate of 1 has a vanishing Laplacian (it is thus harmonic)
outside a set of constrained vertices that enforce boundary conditions.

More precisely, ¥ = (11,12) is the solution of

Vig oM, (Ly1)(i) = (Lyp2)(i) = 0
Vi€ dM, (i) =40(i) € oD,

where OM is the boundary of the mesh, which consists in vertices whose face ring is not homeo-
morphic to a disk but rather to a half disk. This formulation requires the solution of two sparse
linear systems (one for each coordinate of ).

The boundary condition ¢°(i) for i € M describes a 1D piecewise linear curve in the plane,
that is fixed by the user. In the following, we will see that this curve should be convex for the
parameterization to be bijective.

Remark 5. For such an harmonic parameterization, each point is the average of its neighbors
since

1
vii w) - .
o= (%Ew,mm

The powerful feature of this linear parameterization method is that it can be proven to produce
a valid (bijective) parameterization as long as the constrained position (boundary values of ¢) are
along a convex curve.

Theorem 19 (Tutte theorem). IfV (i,j) € E, w;; > 0, and if 0D is a convex curve, then 1 is a
bijection.

Figure 8.10 shows several examples of parameterizations. One is free to use any laplacian
(combinatorial, distance or conformal) as long as it produces positive weights. There is a issue
with the conformal weights, which can be negative if the mesh contains obtuse triangles. In practice
however it leads to the best results. The efficiency of a parameterization can be measured by some
amount of distortion induced by the planar mapping. Linear methods cannot hope to cope with
large isoperimetric distortions (for instance large extrusions in the mesh) since harmonicity leads
to clustering of vertices.
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Figure 8.10: Fzamples of mesh parameterizations.

8.3.8 Application to Mesh Flattening

One of the difficulty with linear parameterization methods is that they require to set up the
positions of the vertices along the boundary of the mesh. In order to let the boundary free to evolve
and find some optimal shape, one can replace the fixed point constraint by a global constraints of
unit variance as follow

~ - ”1/)1” = ]-7
min_ |Gy |? + |Gyo|>  with (Y1, o) =0,
Vi ERY (s, 1) = 0.

This optimization problem also has a simple global solution using eigenvectors of the Laplacian.

Theorem 20 (Mesh flattening solution). The mesh flattening solution is given by
Span(iy,12) = Span(uy,us) where L =UAU".

In order to compute this flattening, one thus needs to extract 2 eigenvectors from a sparse
matrix. Note however that, in contrast to linear parameterization schemes, this flattening is not
ensured to be bijective. Figure 8.11 shows that for meshes with large distortion, this flattening
indeed leads to wrong parameterizations.
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Chapter 9

Multiresolution Mesh Processing

This chapter shows how computations on a mesh can be performed in a multiscale manner,
by considering meshes of increasing resolutions. This leads to the notion of subdivision surfaces
and wavelet transform, which are two different tools to interpolates and decompose functions on
meshes. Both methods rely on a special kind of meshes whose triangulations can be obtained by
applying a regular refinement rule.

9.1 Semi-regular Meshes

9.1.1 Nested Multiscale Grids.

In order to perform multiscale mesh processing, one needs to pack the vertices V' of a topological
mesh M = (V, E, F) in sets of increasing resolution. As explained in section 8.1.2, it is important to
remember that this construction is purely combinatorial, in that no geometrical information (such
as actual positions of the vertices in R3) is required to build the set of multi-resolution meshes.
In fact these multiscale grids can be used to actually process the geometrical realization M of the
mesh M as three real valued functions (the three coordinates of the points).

We thus consider a set of nested indexes

VoCcV_iC...CVp =V

which are split according to
Vi=Vit1 UHjy1.

Next section describes how to actually compute this set of nested grids using a triangular split,
but most of the mathematical tools are in fact valid for arbitrary set of indices, as long as they are
embedded in one each other through scales.

For mesh processing, an index ¢ € V; corresponds to a vertex z, € V C R3. The signals
to be processed are vectors f € R™ of size n = |V | defined on the grid V;,. We sometimes write
f € 2(Vy) instead of f € R™ to emphasis the domain on which f is indexed. This chapter describes
transforms for signals f € £2(Vy) sampled on the finest grid V.

subdivision o ( 6) g1 (6) subdivision

»

€

oa(e)

Figure 9.1: Edge-splitting subdivision.
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9.1.2 Semi-regular Triangulation.

The combinatorial structure of a triangular mesh is defined in section 8.1.2. This chapter
considers only a certain class of meshes M = (V, E, F') that can be obtained by a regular split of
faces, starting from an initial coarse triangulation. This splitting leads to a set of multiresolution
meshes M; = (V;, E;, Fj) for J < j < 0, where the full mesh is My = M.

i
»

Figure 9.2: Regular subdivision 1:4 of a single triangle. Regular subdivision of a planar triangu-
lation M.
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Starting from this coarse triangulation, one defines by subdivision a multiscale triangulation
(Vi, Ej, Fj) L<j<o where
— For each edge e € Ej, a central index y(e) € V;_; is added to the vertices

Viet = V;U{a(e) \ e € B}
— Each edge is subdivided into two finer edges
Ve=(a,b) € E;, o1(e) = (a,v(e)) and o2(e) = (b,v(e)).
The subdivided set of edges is then
Ei_1={oi(e)\i=1,2 and e€ E;}.
— Each face f = (a,b,c) € F; is subdivided into four faces

{ /Ll(f) = (a77(a7b)’7(a7c))v /LQ(f) = (b”}/(baa)v
N’B(f) = (07’7(67 a)a7(07 b))a N4(f) - (V(Gab 77(

The subdivided set of faces is then
F]_li{ﬂl(f)\lil,2,3,4 and fGFj}.

Figure 9.1 shows the notations related to the subdivision process. Figure 9.2 shows an example

of recursive splitting of a triangle and a coarse triangulation. Figure 9.3 shows examples of semi-

regular triangulation using a geometric realization (position of the vertices) to create a 3D surface.

The set of vertices can be classified as

— Regular vertices are those who belong neither to the coarse mesh Vj nor to a boundary of a
mesh M. These vertices have always 6 neighbors.

— Extraordinary vertices are the initial vertices of V. They exhibit arbitrary connectivity.

— Boundary vertices are those belonging to a mesh boundary. Boundary vertices not in Vj
always have 4 immediate neighbors.
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Figure 9.3: Ezamples of semi-regular meshes (V}); for increasing scale j (from left to right).

Obviously not every meshes can be obtained from such a subdivision process. In practice, an
arbitrary mesh, obtained from CAD design or range scanning usually does not have any multiscale
structure. It is thus necessary to remesh it in order to modify the connectivity of the mesh. During
this process, the position of the vertices in R? is modified in order for the geometrical realization
to stay close from the original piecewise linear surface. One can see [2] fur a survey of various
semi-regular remeshing methods.

9.1.3 Spherical Geometry Images

Starting from some input surfaces S C R3, one typically wants to compute a semi-regular
meshes (M;);>r, that approximate S. In most case, the surface S is actually given as an arbitrary
triangulated mesh and this process corresponds to a semi-regular remeshing. Many algorithm have
been devised for surface remeshing and we describe here a method [24] that works for surfaces
that have the topology of a sphere. It means that the surface has genus 0, without boundary and
without handles.

This methods works by computing several intermediate surface-wise parameterization.

— Spherical parameterization: each points of the original triangulation of S is mapped onto the
unit sphere. This create a bijective parameterization

¢3152—>8.

This is a non-linear process that differ from the planar parameterization introduced in section
8.3.7. We do not give the details of such a process, but it requires minimizing the smoothness of
the mapping ¢§1 under the constraint that it maps points of S to unit length vectors (point on
the sphere S?). The algorithm is explained in details in [24].
— Spherical-tetraedron flattening: one flatten each quadrant (1/8) of the sphere in order to have a
mapping
é7 : Octaedron — S2.

One can use for instance a mapping between spherical barycentric coordinate on each quadrant
and Euclidean barycentric coordinates on each face of the octahedron.
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— Tetraedron unfolding: One maps each equilateral face of the octaedron on a rectangular triangle
that corresponds to 1/8th of the square [0, 1]?

ov : [0,1]* — Octaedron.

— Regular sampling: the geometry image is obtained by regularly sampling the square on a uniform
grid
xg=¢ggsopropy(l/n) for £;=0,...,n—1
The mapping £ — x, € R? is the geometry image, which can be stored as a 3-channel (color) image.
From such a geometry image xy, one can easily compute a semi-regular mesh by simply per-
forming a regular 1:4 subdivision of the octaedron. Figure 9.4 shows the steps of the construction
of a geometry image, and the resulting semi-regular mesh.

SOS o . SOT (pU

original spherical parametrization octahedral parametrization geometry image (lit) remeshed geometry

Figure 9.4: Spherical geometry image construction, taken from [24].

9.2 Subdivision Curves

Before getting into the detail of subdivision surfaces, we describe the subdivision process in the
simpler setting of 1D signals. This leads to the construction of subdivision of 1D functions and
subdivision curves.

In this 1D setting, the grid point indexes are dyadic sub-grids of Z

Vi>L, V;={2""\0<t<s0277},

where sg = |Vp] is the size of the initial vector fy to be subdivided.

°
OH, j—1

Figure 9.5: 1D subdivision scheme with filters h and h. The red curve represent the original signal

o

Each subdivision steps computes, from a set f;(¢) € ¢2(V;) of coarse values, a refined vector
fi—1 € £3(V;_1) defined by

{ Vke Hj, fi-1(k) =3, fi((k—1)/2+ 1)h(1),
NS V}', fjfl(f) = Zt f](f'i‘t)h(t)
where the set of weights h and h acts as local averaging operators. This averaging should be

corrected at the boundary, and we use here cyclic boundary conditions which identifies 0 and
s0277 in V;. Figure 9.5 shows a graphical display of these averaging operators.
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One can write this subdivision steps as convolution by introducing the global set of weights
g=1[..,h(=1),h(0),h(0), h(1), A(1),..]
since one has
fic1=(f; 12)*g where a12=1...,0,a(-1),0,a(0),0,a(1),0,...].

This corresponds to the traditional description of the wavelet low-pass filtering [20].

Figure 9.6: 1D subdivision of a signal. Bottom row shows the subdivision from an impulse signal,
converging to the scaling function ¢.

Figure 9.6 shows several steps of subdivision, starting from an initial vector of size |Vp| = 10.
One can apply this subdivision of functions to a pair of signals

(Xo,Yp) : Vp — R?

which is a control polygon composed of points located in the plane. The subdivision curve converges
to the limiting curve

j——00

(X5,Y) =" (X(1), Y (t))1=o C R*.

An interesting property is that this curve is included in the convex hull of the control polygon
(X(t), Y(t))t C COHV(X(), YQ)

Figure 9.7 shows examples of subdivision curves.

9.3 Subdivision Surfaces

Subdivision schemes allows to compute a set of progressively refined vectors on a semi-regular
mesh. More precisely, from an initial vector fo € RIVol defined on the coarse mesh Mg, local
interpolation kernels computes iteratively vectors f; € RIVil of finer resolution. When applied to 3
function (f¢)i=1,2,3 defining the geometrical position of points in R3, this hierarchical construction
defines a subdivision surface. These subdivisions surfaces are used extensively in computer aided
geometry and computer graphics. One can see [9] for a survey of subdivision surfaces and their
applications.
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Figure 9.7:  Two examples of subdivision curves. The red curve represent the original curve
(X0 Y0).

9.3.1 Interpolation Operators

In order to refine a vector f; € RIVil defined on the vertex V; of the mesh Mj, one uses two
interpolators _
P 2(V,) — (H,) and By i (V) — (V). (9.1)
A new refined function f;_; € RIVi-1l defined on the vertices V;_; = V; U H; of M;_; is defined
by applying these two refinement operators:

(PO i Lev,
VEEVimy, fﬂ'—l(@{ (B it (eH,.

Since V; C V;_1, the operator Pj only modify slightly the value at vertex in V;. On the other hand,
the operator P; creates new value at the vertices of H; that are inserted between V; and V;_;.

In practical applications, these interpolating operators are local, meaning that the value of
(P;f;)(¢) and (P;f;)(¢£) depends only on values f;(¢') for £ € V; being close to £ € V;_, typically
in the 1-ring or 2-ring vertex neighborhood.

A particularly important setting for subdivision scheme is when one apply the subdivision steps
in parallel to three vectors (X;,Y;, Z;) starting from three initial vectors describing the position
in 3D space of a coarse mesh M. This allows to defines finer and finer spacial localization for the
vertex of the refined meshes M;. Figure 9.9 shows an example of such a subdivision surface. In
order for the resulting infinitely refined surface to have good properties such as being continuous
and even smooth, one needs to design carefully the interpolation operators. Next section gives
examples of such operators.

9.3.2 Some Classical Subdivision Stencils

In order to define the interpolation operators P; and ]5]- of equation (9.1), one needs to use a
naming convention for the neighborhoods of vertices.

For a vertex ¢ € V;, the one ring neighborhood V; has already been defined in equation (8.1).
Tt is the set of vertices adjacent to £. In a regular point (that does not belongs to V; and not on
a boundary of the mesh), its size is |V;| = 6 since a point has 6 neighbors. This 1-ring is used to
define ]5]-.

For a vertex k € H; C V;_1, the butterfly neighborhood is a set of vertices in V; close to k.
This neighborhood is used to define P;. The two immediate neighbors are

(ks v3) = {v € Vi \ (v, k) € Eja}
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Two other vertices (wj,w}) are defined using the two faces adjacent to edge (v, v?) € E;
= (o wh) e By and f2 = (oh,o2,u}) € Fy.

For edges E; on the boundary of M, one one face is available, in which case we implicitly assume
that f; = fa (reflecting boundary conditions). The four last vertices are defined using faces adjacent
to f1 and fo:

Vi j=1,2, fi7 = (27 0], wl) € Fj with  fi7 # f;.

Once again, reflecting boundary condition are applied for faces on the boundary of the mesh. The
butterfly neighborhood is depicted on figure 9.8.

1,1 2,1
2L & 2y

1,27 ) 2,2
Zk wk Zk:

Figure 9.8: The butterfly neighborhood of a vertex k € H;.

Linear Interpolating Scheme The simplest subdivision rule compute values along edge mide
point using a simple linear interpolation as follow

{ VkeH;,  (Pify)(k) = 5(f(vi) + f(v0)), 9.2)
vee Vs (Bif)e) = f;(0). '

Since 15j is the identity operator, this scheme is called interpolating. It means that value of fy on
points of the coarse triangulation are kept during iteration of the subdivision.

Butterfly Interpolating Scheme The linear scheme creates function that are piecewise linear
on each face of the coarse triangulation Fy. In order to create smooth surface, one needs to use
more points in the butterfly neighborhood as follow

ke, (Pifi)(k) = 3 5L 0D + 3 X fwl) = 5 X0 &) gy
veeV, (Bifi)l) = f;(0).

Loop Approximating Scheme In order to gain flexibility in the subdivision design, one can
also modify points in V; during the iterations. This means that Pj is not any more the identity,
and that all the values will evolves during the iterations. The question of wether these iterated
modification actually converge to a limit value is studied in the next section.

The Loop subdivision rule is defined as

{ VkeH;, (Pif)(k) =237 f(vi)+ 50 f(wh),
Vee Vs, (Pifi)(0) = (1= ValBv, ) fi(€) + Bivey 2prev, i (L)



142 CHAPTER 9. MULTIRESOLUTION MESH PROCESSING

Figure 9.9:  Ezamples of iterative subdivision using Loop scheme. The points (Xo, Yo, Zo) of the
initial coarse mesh My are shown in red.

Original Linear Butterfly Loop

Figure 9.10:  Ezamples of subdivision schemes. The points (Xo, Yo, Zo) of the initial coarse mesh
My are shown in red. Since the linear and butterfly scheme are interpolating, these points actually
belongs to the limiting surface.

where the weights depends on the number of neighbors and are defined as

w1 (5 (3 1 2
B = pll - <§ +3 cos(27r/m)>

Other schemes. It is possible to define subdivision schemes using rules that do not involve a
regular 1:4 splitting of each coarse face. For instance, in dual schemes such as the one depicted in
figure 9.11, the faces of F; are not included in F;_; but only in Fj_,.

9.3.3 Invariant Neighborhoods

In order to study the convergence of subdivision schemes, one needs to consider independently
each vertex = € Vj;(,), where jo(z) is the coarser scale at which = appears

jo(@) = max {j\ « € Vj}.

Original vertices satisfy jo(z) = 0 and are the only one (except boundary vertices) that have a
non-regular connectivity.

The vertex z belongs to the mesh Mj (,) which is going to be refined through scales j < jo(z).
In order to analyze this refinement, one needs to define an invariant neighborhood V;* C V; of z for
each scale j < jo(z). These neighborhood are the set of points that are required to compute the
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Figure 9.11:  Surface after 0, 1 and 3 step of \/3 subdivision [18].

operators P; and Pj. More precisely, given a vector f € 62(‘/},1), the neighborhoods are required
to satisfy ~

vee Vi, nVy,  (P;f)(€) depends only on V}*

Vke Vi, NH;, (P;f)(k) depends only on V.

We further impose that all the invariant neighborhoods have the same size

Figure 9.12 shows an example of invariant neighborhood which corresponds to the 2-ring V€(2), as
defined in (8.2).
Thanks to the invariance of these neighborhood systems, one can restrict the predictors around
x and define )
PyVE— VI NV and Py VE— VI N Hj.

The subdivision matrix S7 € R™=*™= is then defined as matrix of the following mapping
e Doy . -
(Pf,Py) V] — VI

All the subdivision schemes studied in this chapter are invariant, meaning that the subdivision
rule does not change through the scales j. This impose that the subdivision matrices are constant
SJ?” = S*. In fact, in all the examples given in the previous section, they only depends on the
number |V,,| of neighbors in the one ring of x.

9.3.4 Convergence of Subdivisions

The value at @ € Vj, () of a function f; € £2(V;) obtained by subdividing at scale j < jo(z) an
initial vector fy € £2(Vp) can be computed as

fi@) = (8" f1) (@) = (SO f2 ) (@),

where the vector f” € R™= is the restriction of f; to the set V"
In order to analyze the limiting function resulting from an infinite number of subdivision, one
can use the eigen vector decomposition of the matrix S*

T = ¢!

T _ & T
5= @VA®T where { A =diag(X;), A1 <A < ..o <A,

Since the subdivision matrix S, is not symmetric, some of the eigenvalues might be complex,
and we shall ignore this difficulty here. The fact that P; and P; are predictor implies that the
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Figure 9.12:  Invariant neighborhood V' and V", (indexing with red circles) of the Loop subdivision
scheme for a vertex of valence |Vy| = 0. The number in {0,...,9} refers to the numbering of the
vertices in V' and V",

subdivision matrix has to satisfy S*1 = 1, meaning that q~51 = 1 is an eigenvector associated to the
eigenvalue 1. In the following we further makes the following assumption

I=XA < A= Xy = X3 < \s. (9.4)

This hypothesis is satisfied by all the subdivision rules introduced in the previous section.
If one write ® = (¢;)™; and ® = (¢;)™,, one has the following decomposition of a vector
f ERM=

F=S U 6 and (57) ZA’“ 1, 60
=1

One thus has the following asymptotic expansion

1 - -
G (f = (fs d1)1) = (f, ¢2)d2 + (f, ¢3)3 + o(1). (9.5)
This expression describes the asymptotic behavior of the subdivision scheme at zero order (position)
and first order (tangents).

Theorem 21 (Convergence of the subdivision scheme). If the subdivision matriz S* of a point x
satisfies (9.4) then the subdivision process converges at x to the value

e

f](fE) - <fjai)(;c)7¢1>'

The smoothness of the resulting function is more difficult to analyze. A particularly important
setting is when one computes the subdivision of 3 function py = (Xo, Yo, Zg) € £2(V)? correspond-
ing to the position in R? (geometrical realization) of a coarse mesh M. In this case, the subdivided
functions p; = (X, Y}, Z;) gives refined 3D meshes that converge uniforlmy to a continuous surfaces

p(x) = (X(2),Y(z), Z(x)) = (X5, ¢1), (Yo, ¢1), (25, 61))-

Condition (9.4) nearly implies that the resulting surface is smooth. Indeed, the asymptotic expan-
sion (9.5) shows that for a point 2’ near z in the subdivision domain, the differential vector can
be well approximated as a projection on a 2D plane

p(x) — p(z') + o(1) € Span(ry,75) where TZ(I) o (X7 i i), <Yf0, i), (Z5 s ).

If the vectors 73 and 7§ are linearly independent, they form a basis of the tangent plane at p(x).
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Example of the Loop subdivision. For the Loop interpolation operators defined in equation
(9.3.2), the invariant neighborhood V;* correspond to the 2-ring of x in the triangulation Gy,
as shown in figure 9.12. For a vertex with k neighbors, |V,| = k, the size of these invariant
neighborhood is m,; = 3k + 1. A particular neighboring for k¥ = 3 is depicted in figure 9.12,
together with an indexing in {0,...,3k = 9} of the points in V¥ and V" ;. For this indexing, the
subdivision matrix reads

7 3 3 3
11 1 1 10 1 1
1 1 11 1 10 1
1 1 11 1 1 10
1 1 3 3

1 1 3 3
1 1 3 3
1 3 1 1
1 1 3 1
1 2 1 3

where the 0’s have been omitted and where the rows should be rescaled to sum to 1. The eigenvalues
of this matrix satisfy Ay =1 and Ay = A3 = 1/3 > A4

9.4 Wavelets on Meshes

9.4.1 Multiscale Biorthogonal Bases on Meshes

The transforms considered in this section are multiscale and indexed by the set of nested grids
(Vi) L<j<g- This corresponds to computing a set of coefficients (d;)r<;j<.sU fs from an initial input
signal f. These coefficients corresponds to inner products with basis vectors

{ dj € (*(H;) where Vke€ Hj, dj(k)=(f, ¥jr),
f1 € 3(Vy) where VL€ Vs, f1(0)=(f, dse).

By analogy with the wavelet setting, the vectors v¢;; € R™ corresponds to primal wavelets and
are intended to capture the details present in the signal f at a scale j, whereas the scaling vectors
@7 € R" capture the missing coarse approximation of f at scale J. This decomposition is stopped
at any coarse scale L < J < 0.

In order to reconstruct the function f from this set of transformed coefficients, one needs to
use a set of bi-orthogonal basis vectors

F= Y &b+ D f1(Obs

L<j<J,keH; Levy

If this reconstruction formula holds for any scale L < J < 0, the set of vectors
L<j<0 7 \L<j<0
(Vik: G300 ki, eev,  and  (Cik, b0)ich e, (9.6)

is said to be a pair of primal and dual multiscale bases (together with their scaling functions).

The following paragraph shows how one can modify such a pair of multiscale bases while still
maintaining the biorthogonality property. This lifting process is useful to design multiscale bases
with various properties on complicated domains.

9.4.2 The Lifting Scheme

The lifting scheme is a construction of multiscale biorthogonal bases introduced by Sweldens
[31, 32]. It extends the traditional construction of wavelets in two main directions:
— As explained in [12], it allows to implement already existing filter banks more efficiency by
splitting the computation into elementary blocks. This computational gain is described at the
end of the section together with the factorization of wavelets into lifting steps.
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— It allows to define multiscale transforms over domains that are not translation invariant. This
section gives two examples of such transforms: a non-separable 2D wavelet transform and wavelets
on triangulated meshes.

In order to build wavelets on triangulation, one can specialize the lifting scheme to a particular
setting where only two lifting steps are applied.

Forward lifting scheme. The forward algorithm performs the transform

(fim1O)eev,.y — (di(k))ren; U (f5(0))eev;

by applying the following steps
— Splitting: this corresponds selecting the coefficient of f;_;(¢) that are in V; or in H;

(fi-1(0)eev;_, = (fi(0))eev; U (f5(€))een;-

These two sets of coefficients are treated differently in the two remaining steps of the transform.
— Predict step: creates wavelets coefficients d; by computing local differences between each coefli-
cient in V; and its neighbors in H;

VkeH;, di(k)=fi-1(k) = > pi(k,0)fi-1(0).

tev;

The coefficients p;(k, ¢) are weights that determine the predict operator

[ ew) — e _

— Update step: enhance the properties of each remaining low pass coefficients f;_1(¢) for ¢ € V; by
pooling locally the wavelets coefficients d; (k) for k around ¢

VeeV, f(0) = fia(0)+ Y ut,k)d;(k).

keH;

The coefficients u; (¢, k) are weights that determine the update operator

Uj: { 52(}17]') : g€2(‘gj)h where g(f) = kgl;uj(ﬁ,k)h(k‘).

Figure 9.13, top row, shows the block diagram associated to this forward lifting wavelet transform.
The iterations of the forward lifting transform can also be written in vector and operator format

%/

H; Vi
dj:f‘fl_ijjfla v .
fi= 12+ Usdj = (Idy, = U;Py) f;71 + U 24,

where g is the restriction of some vector g to the set A.

Backward lifting scheme. The backward transform algorithm does the reverse computation

(dj(K)ker; U(fi(0))eev, —  (fi—1(0))eev,_,

One of the main feature of the lifting scheme is that this is achieved by simply reversing the order
of the lifting steps and interchanging + /- signs.
— Inverse update step:

VEe Vs, fioa(0) = fi(0) = Y ui(t, k)ds (k).

keH;



9.4. WAVELETS ON MESHES 147
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Figure 9.13: Block diagrams for the forward and backward lifting scheme.

— Inverse predict step:

VkeH;, fio(k)=di(k)+ > pi(k0)fi-1(0).

tev;

— Merging: makes the union of the coefficients computed in the two previous steps

(fi—1(0)eev,_, = (fi(£))eev; U (f5(£))ecH;-

Figure 9.13, top row, shows the block diagram associated to this backward lifting wavelet transform.

The lifting scheme is more general than the algorithm described in this section since several
passes of predict/update steps can be applied to further enhance the properties of the resulting
transform. However, the steps beyond the two initial ones are difficult to analyze, except in the
notable exception of points sampled evenly on a 1D axes, where a factorization algorithm [12]
allows to recover traditional wavelet filters.

9.4.3 Imposing vanishing moments.

The operator P; is called a predictor since the values of P; f;/j'l should typically be close to

ff{_’1 for the wavelet coefficients d; to be small. Such predictors have already been constructed in
equations (9.2), (9.3) and (9.3.2).

The operator Uj; is called an update operator since the additional term Ujd; should enhance
the properties of ijj'l. This update steps does not appears in the theory of subdivision surface and
this section considers a local update operator which guaranty the conservation of the mean value

when switching from f;_1 to fj.

Polynomial vectors. In order to select predict and update operator that have good properties,
one follow the insight gained from the analysis of the wavelet approximation of signal on the real
line. In order to do so, one need analyze the effect of a lifting wavelet transform on polynomials.
The most basic constraint enforces one vanishing moment by imposing orthogonality with the
constant vector &y = 1. This constraint does not require to known the spacial location x; of each
index ¢ € V. In order to impose higher order vanishing moments, one needs to assume some
sampling pattern, for instance

VeeVy, f)=f(x) where xg € R?

and where f is a function defined on R?. For instance, the points 2, might corresponds to a regular
sampling of the line (this is the traditional wavelet setting) or to an irregular sampling of a 2D



148 CHAPTER 9. MULTIRESOLUTION MESH PROCESSING

surface embedded in R3. The next paragraphs describe several situations with different sampling
grids. Once the precise locations of the samples are known, one can for instance select ¢4 as some
monomials of degree (s1,...,s,) over RY.

Vanishing moment and polynomials reproduction. Having defined these polynomial vec-
tors, one requires that the following constraints are fulfilled.
— Vanishing moments: the wavelet coeflicients of a low order polynomial should be 0, which implies
that
vk e Hj, <<I)5, ’lﬂj7g> =0. (97)

— Polynomial reproduction: coarse coefficients f; computed from a polynomial f;_; should also be
polynomials, which implies that

VOEV;, (R, djs) = By(l) (9.8)

In order for the wavelets and scaling function to satisfy conditions (9.7) and (9.8), the predict
operator P; and update operator U; should be designed carefully. One can impose these constraint
from the fine scale j = L until the coarse scale j = 0. Indeed, if (¢;_1,¢, ¥j—1,¢)k,¢ satisfy conditions
(9.7) and (9.8), then, for the scale j

Ve (9.7) <= Poy = o,
€0, . ; ;
° 98) « U," (@SVJ + Pf@fJ) — ol

where ®4 € (2(A) is the restriction of ®, to A.
In contrast, the constraint (9.8) on the update operator P; is more involved and the next section
shows how to handle it on a triangulation situations for only one vanishing moment |S| = 1.

9.4.4 Lifted Wavelets on Meshes

The lifted wavelet bases can be used to process signals f € ¢2(Vy) where £ € V7, index a sampling
xzp of an arbitrary surface. The construction of biorthogonal wavelets on triangulated mesh has
been first proposed by Lounsbery et al. [19] and re-casted into the lifting scheme framework by
Schroeder and Sweldens [26, 27].

Designing predict operators. The constraints (9.7) on the predictor P; is easily solved. For
instance, for each k, one selects only |.S| non vanishing weights (p;(k, £)), and solves a small |.S| x| S|
linear system. Furthermore, in the case of a regular triangulation with edges of constant length,
predictors with several vanishing moments have been already defined in (9.2), (9.3) and (9.3.2).
Figure 9.14 shows the weights for these predictors.

1/8 —1/16 e e —1/16

1/2 /2 3/8 3/8 P;1=1.

1/8 ~1/16 ¢

: o —1/16
Linear Loop Butterfly

Figure 9.14:  Predict operators on a triangulation.

One can choose any of these operators, and creates respectively linear, butterfly and Loop
wavelets bases. All these predictors have one vanishing moment since they satisfy P;1% =1V, In
fact they have more vanishing moments if one consider polynomials ®, sampled at points z, € R? of
an hexagonal tiling with constant edge length. In practice, if the triangulation under consideration
have edges with smoothly varying length, the resulting predictor are efficient to predict the value
of smooth functions on the triangulation.
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Designing update operators. In order to ensure the reproduction of constant polynomials, we
design the update operator so that it depends only on the direct neighbors in H; of each point in
Vi

VeeV, Ve={vt )\ ((l) € E;}.

One then looks for a valid update operator in the following form

VheP(H;), VEeV;, (Ush)(0) =X Y h(k), (9.9)
keV,

where each A\, should be fixed in order for condition (9.8) to be satisfied.

In an semi-regular triangulation, |V;| = 6 excepted maybe for some points in the coarse grid
£ € Vy. In this setting, the values of Ay can be computed by a recursion through the scales. In an
ideal triangulation where |V;| = 6 for all £, one can use a constant weight Ay = A.

For the predictors defined in (9.2), (9.3) and (9.3.2), one has

P11 =3x1Y%  and  U;T1Y =617

so setting Ay = 1/24 solves equation (9.8). Figure 9.15 shows examples of butterfly wavelets on a
planar semi-regular triangulation.

e

N

-wv=<v

J=-2 ji=-3 j=-4

Figure 9.15:  Ezample of wavelets ;1 on a semi-regular triangulation. The height over the triangle
(together with the color) indicates the value of the wavelet vector.

9.4.5 Non-linear Mesh Compression

These wavelets can be used to perform an approximation of a function f € ¢2(V7,) defined on
the fine triangulation. For instance a wavelet approximation can be applied to each coordinate
fi,i = 1,2,3 of the actual position zy = (f1(¢), f2(£), f3(£)) € R3 of the surface points, as done
in [16, 17]. This leads to a scheme to approximate and compress a 3D surface using the lifted
biorthogonal wavelets associated to the semi-regular triangulation. This is possible because these
wavelets depend only on the combinatorial grids V; and not on the precise position of the samples
x¢ in 3D.

In order to perform a wavelet approximation in this biorthogonal basis, one uses a non-linear
thresholding at 7" > 0

F= > (f ti)bjn

(g, k) el

where  I7 = {(j’k> \keH; and [(f, ¥jk)| > T|SUPP(¢j,k)|_1/2}.

Note that for each coefficient the threshold T is scaled according to the size of the support of the
wavelet in order to approximately normalize the wavelets in ¢2(V7,) norm.

Figure 9.16 shows an example of compression of the position of a vertex in 3D spaces as 3
functions defined on a semi-regular mesh. Figure 9.17 shows an example of compression of a
spherical texture map which is a single function defined at each vertex of a semi-regular mesh
obtained by subdividing an icosaedron.
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100% 10% 5% 2%

Figure 9.16: Non-linear wavelet mesh compression with a decreasing number of coefficients.

100% 10% 5% 2%

Figure 9.17:  Non-linear spherical wavelet compression with a decreasing number of coefficients.
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